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PREFACE, 


EE ſabject upon which this little Traci 
- 2 founded, as to its uſefulneſs, needs no 

apolbg y ; and I have endeavoured to put 
it in ſuch a light, as may fully anſwer the 
ends and expettation of the reader. 


For, in the firſt place, I have given a 
very exact table for eftiniating the probabi- 
lity of life, deduced from 10 years obſerva- 
tons. on the bills of mortality of the city of 
London, whereupon the ſucceeding calculations 
are grounded. Then, after ſhewing how to 
compute the values of fingle lives, I lay down a 

3 Lemma, 
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 affigned number of them. Then I proceed to 


Lemma, for the ſake of thoſe unacquainted 
with the principles of chances, by helþ where- 
of the moſt intricate Problems in the ſubjett 
are reſolved. Next the values of annuities 
upon more tives than one come to be conſi- 
dered; as, firſt, for any number of joint 
lives; ſecondly, for the longeſt of any num- 
ber of lives; thirdly, for lives, where the 
annuity ceaſes upon the extinfttion of any 


determine the values of reverfions, firſt, for 
the longeſt of any number of lives, after the 
longeſt of any number of other lives; ſecond- 
ly, for any number of joint lives, after any 
number of joint lives; thirdly, for any num- 
ber of joint lives, after the longeſt of any 
number of lives; fourthly, for the longeſt of 
any number of lives, after any number of 
joint lives. Then, from the theorems before 
laid down, is given a ſet of tables for the 
valuation of annuities, upon one, two, or 
three lives, according to ſeveral rates of in- 
tereſt ; the uſes of which are explained in 
fuch a manner, as to be underſiood by all 
who know but common arithmetic. 


/ 


Next 
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Next is ſbeum how to determine the values 
of Succeſſive Lives, where the firſt poſſeſſor has 
a right, at his deceaſe, to nominate his ſucceſ= 
for, and his ſucceſſor a next ſucceſſor, and ſo 
on. Then the value that ought to be paid for 
renewing of leaſes upon any. number of lives, 
together with the loſs or gain of the purchaſer 
in renewing for any aſſigned ſum is conſidered ; 
as alſp how much the rent roll of an eſtate 


ought to be increaſed upon account of ſuch 
renewals, 


Then is given a method for finding the values 
of Rever/ions, when the expectation depends on 
the chance of one particular life in poſſeſſion ſur- 
viving the reſt. 8 


Laſily, are laid down ſome eaſy practical 
Rules for approximating the values of lives, 
without the help of tables, both according to 
the London and Breſlaw obſervations, which 
anfiver very near the truth, but that in p. 121 
I. find will be ſtill more exact, if inſtead of 1.9 
the number therein mentioned, the number 2 
be made uſe of, when the propoſed age is 
greater than thirty years; for then the 
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rule may be extended from eight to eighty 
years of age, and yet the error ſcarce 
ever amount to one tenth 27 a year pur- 
ecbaſe. 


What, I apprehend, may beſt recommend this 
performance, is the general, yet familiar man- 
ner in which the ſubject is treated, there not be- 
ing a Solution throughout the whole work, ex- 
cept thoſe relating to the uſe of the tables, that 
is not univerſal, according to any table ob- 
ſervations or degree of probability of life what- 
ſrever ; and yet the concluſions and practical 
rules deduced therefrom, are, for the moſt part, 

_ altogether as fimple, as could be derived rom 
any hypotheſis. I mention hypotheſes, becauſe 
fame authors on this ſubjef, without troubling 
themſelves or their readers about obſervations, 
&. have taten upon them to preſeribe methods 
of their own, that have neither foundation iu 
— nor in regſon. 


Having taken 2 notice of the deeds 
* others, i may not be improper to en- 
deavour lo abwuiate an objetton that may be 
made. 40 * * work, 
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It is poſſible that the great difference 
which there is, in one part of life, between 
the value of an annuity according to the 
Breſlau her vations, and the following tables, 
may tempt ſome ( eſpecially thoſe whoſe intereſt 
it is) to queſtion the exatineſs of the tables, 
or the obſervations whereon they were ground- 
ed; they may affirm that London con/iſts of 
too flux a body to admit of any certain mea- 
Jure for the probability of life, and that the 
accounts publiſhed by the company of pariſh- 
clerks, are not to be depended on. But to 
this J anſwer, that tho the continual reſort 
of people from all parts, cauſes indeed a great 
mcreaſe in the bills of mortality, it will no 
ways influence the values of the annuities 
thence deduced, if the. numbers of perſons 
coming up to town at all ages, be propor- 
tional to the whole numbers of the living of 
the fame ages; and tho this ſuppoſition is 
not exattly true in ſmall ages, yet as expe- 
rience ſhews it to be more nearly ſo in 
greater, and as the number of perſons that 
come to live in town after 25 or 30 years of 
age, is inconfiderable with reſpe to the whole 
body of ene, it is evident, that the 
9 values 
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values given in the tables for all ages, not 
Jeſs than 25 or 30 years, can be but little 
effected from the cauſe abovementioned. It is 
true, the values for younger lives, have not 
quite ſo good @ foundation; but, I preſume 
the method I have had recourſe to upon this 
occafion is ſuch, as is not liable to any reaſon- 
able objectians; and, as to the difference that _ 
may ariſe from any uncertainty or error in 


the accounts of the pariſh-clerks, it can by 


but very little, becauſe if the age happens to 
be given in a little too high one time, there is 
the ſame chance of its being put down a 
much too low another. 


* 
F 


N. B. Since the publication of this Work in 
1742, the author has further proſecuted this 
ſubject by way of Supplement to it, in part 
VI. of his SerecT EXERCISES, to which the 
1 18 referred. 
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VALUATION 
O F 
ANNUITIES upon L1vEs. 


HE value of an annuity for life, 
depends upon the intereſt which 
money bears, and the probability 

of the life continuing a longer or 

ſhorter time; the former of which is gene- 
rally ſettled by law, but the latter muſt 
be determined from obſervations. 

Of all that has been hitherto offered for 

eſtimating the probability of the duration of 

life, nothing ſeems deduced: with greater 
judgment and exactneſs, than the tables 
publiſhed by Dr. Halley, and Mr. Smart, 
for this purpoſe; which, nevertheleſs, are 
both liable to conſiderable objections. 
The Doctor's Table, being grounded on 
obſervations made at Breęſſau, a place m_ 
| B the 
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the generality of people live to a greater 
age than at London (as appears by com- 
paring the bills of mortality here, with 
thoſe obſervations) can be no juſt mea- 
ſure of the probability of life in this place ; 
and as to that of Mr. Smart, tho' it is in- 
deed free from this objection, and founded 
on a very large number of obſervations, yet 
the great and continual afflux of people 
from all parts up to town, renders the de- 
ductions from thoſe obſervations conſider- 
ably different, in one part of life, from 
what they would otherwiſe be; and this 
Mr. Smart ſeems not, in his table, to have 
conſidered, or made any allowance for. 
For theſe reaſons, tho' I had determined 
to depend on, and make uſe of, this laſt 
gentleman's obſervations, in the enſuin 
pages (as, undoubtedly, the beſt for the 
city of London, and Parts adjacent) yet have 
I deemed it neceſſa to make ſome altera- 
tions, in the table of he probability of life, 
from thence derived. 8 | 
In doing this, I have ſuppoſed the num- 
ber of perſons coming to live in town, after 
25 years of age, to be inconfiderable, with 
reſpect to the whole number of inhabi- 
tants ; and therefore the probabilities of life, 
for all ages above 25 years, the ſame as this 
author has made them; but then have in- 
creaſed the numbers of the living, cor- 


reſponding to all ages below 253 ſo that 


— 
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Annuities pon Lires. 3 
they may, as near as poſſible, be in the 
ſame proportion one to another, as they 
would be, were they to be deduced from 
obſervations on the mortality of thoſe per- 
ſons only, that are born within the bills. 
Which was done, by comparing together 
the number of chriſtenings and burials, 
and obſerving, by help of Dr. Holly's 
table, the proportion which there is be- 
tween the degrees of mortality at London 
and Breflau, in the other parts of life, 
where the ages are greater than 25, I 
ſhall here ſubjoin the table, altered as 
above, and then proceed immediately to 
+ ea nah 
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A TABLE fhewing the Proba- 


Note. The Numbers marked x are ſuppoſed to die 
called the Decremeats of Life. 


Ne. of Ages]N*. of ApgesN®. of Ages|N®. of Ages 
Perſons. cur*.}Perſons. curt.|Perſons. curt. Perſons. curt. 


3 by þ 


pm 


1280 born 524—10 462—20 38 5—30 
410 * 7 * NT, © 9 * | - 
870— 1] 5179—11] 455—21| 376—31 
170 X „ | 7 X | 9 x 
700— 20 510—12 448—22| 367—32 
65 x 6 x 7 * 9 * 
635— 3] 594—1g] 441—23] 358—33 
JJ 9 * 
| boo— 4 498— 14 434—24| 34934 
20 X 5 6 x 8 * 9 * 
580— 5 492—15| 426—25| 340—35 
„„ 6x 1: 9 x 
564— 6| 486—16| 418—26] 331—36 
13 * 6 * 8 
551 — 7 480—17] 410—27] 322—37 
1 0x +} .SX 8 x 9 x 
541— 8| 474—18| 402—28| 313—38| 
"<q: 6 x n 
J 532— 9] 468—19 394—29] 304—3 
138 | 6x | gx 10 
_$24—19] 462—20| 385—30| 294—40. 


; 
I 
3 
3 
4 
4 
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bilities of L IFE, from Obſervations, 


off yearly, and are what, in the ſucceeding Pages, are 


Ns. of Ages N“. of Ages. of Ages]N®; of Ager 
Perſons. curt. Perſons. cur*.|Perſons. cur*. Perſons, curt. 
294—40 204— 50 13000 6g—70 
To 3 © n vs 5 * | 
284—41] 196—51] 123—61] 64—71 

| 10 x SR 311 5 
274—42] 188— 52] 1179—062] 59—72 

IO * A 5 * 
264—43] 180—53] 111—63 54—73 
9 * 8K 6 x E 
255—44/ 172—54] 105-64 49—74 
9 * 7 * 6 K = +4 ; 
240—45] 165—55] 9965] 4575 
9 * „„ 
23746 158-560 9366] 41—76 
9 * 7 * 6 x N 
228-47] 151 57 8e 36—77 

8 „ 7 * 6 N 10 3 * 
| 2209—48] 144—58 81—68] 35—78 
8 x PR 63.7.5 5 
212—49 137-59] 7509] 32—79 
„ 1 be ni 
4 I 30—60| 69=-70l 29—80 
B 3 Now, 
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Now, in order to ſhew the uſe of the 
foregoing table by an example, let it be 
required to find the probability, that a per- 
ſon of thirty-ſix, lives 30 years lon- 
ger, or attains to the age of 66 years, look 
in the table againſt 36 years and 66 years, 
and correſponding thereto, you will find the 
numbers 331 and 93 reſpectively; ſhew- 
ing, that out of 331 perſons living of 36 
years of age, only 93 of them arrive to 
the age of 66: therefore, ſeeing the whole 
number of perſons living at the beginning 
of this term, is to the number remaining 
alive at the end of it, in the ratio of 331 
to 933 the number of chances that a perſon 
of 36 years df age has to live 30 years 
longer, will be to the number of all the 
chances, that he has both to live beyond, 
and die within 30 years, in the ſamè ratio 
of 331 to 93; and therefore 75 is the 
meaſure of the probabitity required; the 
probability of the happening of any event, 
being always to be conſidered as 'the ratio 
of the chances Which that event Has th 
happen, to all the chances which it has both 
to happen and fail. N ho eg 
This being underſtood, ſuppbſe it were 
now required to find the value of an an- 
obity of 100“. for a life of 20 Years of 
age, Intereſt at 4 per cent. 


Becauſe 
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Annuities pon Lives, 7 
Becauſe the preſent value of 100/. due 
at the end of one year (diſcount being al- 
lowed) is 96.15, it is plain, that ſo much 
would be the value of the firſt year s rent, 


was the purchaſer ſure to receive it; but 
the probability of his living one year, ap- 


pearing from the table to be only == - „the 


aforeſaid ſum 96.1 5, in order to make 
a juſt deduction out of it, for the contin- 
gency of his dying before the end of one 
year, ought to be diminiſh'd in the ratio 


of 462 to 455, or multiply'd by r 


which will reduce it to 94.70, equal 
the true value of the) firſt year's rent. 
After the ſame manner may the value of 
the ſecond year's rent be calculated ; for 
ſince the probability of in this rent, 


or living two years is 285 —_— , let this be mul- 
 tiplied into 92.45, the preſent value of 


1ool. to be received at the end of two 
years, and the product 89.6 Ty will be the 
true value of the ſecond year's rent. 

And by a like way of proceeding; the 
values * the 3d, 4th, 5th, Cc. year's 
rents, to the utmoſt extent of life, may 
be determined; and the ſum. of all theſe 
will be the required value of the annuity ; 
which will be found to come out 14800. 
very Near. 


B 4 From 
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From the ſame method of proceeding, 
the value of an annuity for any other life 
may be determined: and tho' the opera- 
tions, requiſite to this effect, are very nume- 
rous, yet, that being once computed, the 


value of the next younger life may from 


thence be eaſily derived; for if to the gi- 
ven value you add one year's purchaſe, and 
multiply the ſum, diſcounted for one year, 
by the probability of the youngeſt life con- 
tinuing one year, the product will be the 
value required (as will appear from Corol- 
lary VII. of the ſucceeding Problem.) Sup- 
pole, for example, that the value of a "Its 
of nineteen were required from the value 
of a life of twenty, as above computed ; 

then, the value of the given life, increaſed 
by one year's purchaſe, being 1580. the 
ſame diſcounted for one year, at 4 per 
cent. will be-1519.2, which multiply'd by 


_ the probability of a life of nineteen _ 


continuing one year, gives 1499. 8, for the 
required value of an annuity upon this 
life. 

Having ſhewn the manner of eſtimating 
the value of an annuity for any ſingle life, 
and laid down a ready method of compu- 
ting tables for ſuch lives, according to an 
propoſed rate of intereſt, by deducing ch 
value, from that of the next older life, it 
remains next to confider the man * of 

eter. 
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determining the values of annuities granted 


upon two or more lives; but before we en- 
ter upon this, it will be neceſſary (for the 
benefit of thoſe unacquainted with the 
principles of chances) to premiſe the fol- 


lowing | 


LEMMA J. 


If a ſum of money (S) depends upon two diffe- 
8 255 1 75 55 to be received, if both 
' thoſe events happen; the probability of 
receiving that ſum, will be equal to the 
product of the probabilities of the happening 


of the two-events, 


— 


Let the number of chances for the 6 2 
© 


pening of one of the events, be to 


number of all the chances, both for its hap- 


pening and failing, as à to ; and let the 
number of chances, for the happening of 
the other event, be to the number of all 
the chances, both for its happening and 
failing, as c to 4; then it is manifeſt, that 


= XS, or the given ſum diminiſhed in 


the ratio of d to c, would be the true va- 
lue of the expectation upon this ſum (con- 
ſidered without regard to time) was the 
ſame to be received, or to depend only, 
upon the happening of the laſt named Fd 

| 5 0 


the chance of obtaining the ſum 8. But 


only the = part of this ſum, or m No 
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* 8, and conſequently the probability of 


to Of zhe Vatvartion of 
the two propoſed events; or, in other 
words, — X 8, will be the ſum that might 
be taken as an equivalent in this caſe, for 


the probability of the happening of the firſt 


event, or of being intitled to receive the 
[4 


ſum J * S, as an equivalent being only 


75 the value of the expectation; there- | 1 
fore, as it depends on both events, can be 1 


| 2 20 b a ” 4 5 4 5 
receiving the ſum 8, only 5 Xx 5, which 
was to be proved. $3 


COROLLARY I 


Hence, allo, may the probability of receiv- 
ing any ſum of money, depending on the 
happening of 3, 4, Sc. events be eaſily de- 
rived: For let > 7 . , Ge. repre- 
ſent the probabilities of happening of ſo 
many different events; and 8, T, U, W. 
Cc. ſeveral ſums depending thereon, the 
firſt 8, to be received upon the happening 
of the two firſt; the ſecond T, u the 
Happening of the three firſt; the third U, 
upon the happening of the four firſt, Ic. 
| reckons þ 
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reckoning according to the order in which 


the reſpective probabilities are placed, 
Then, ſeeing the probability of receiving 


the firſt ſum 8, is 7 * 17. and that the ex- 
pectation on the ſecond T, depends en- 
tirely upon the happening of this event, 
and that of the aforeſaid order, whole pro- 
bability is 7 „it follows that = * 1 * F. 
the product of thoſe two, will be the 
probability of receiving the ſum T. In 
like manner, as the expectation on the ſum 
U, depends upon the receiving of T, and 
the happening of the event, whoſe proba- 


bility is 3 the probability of receiving the 


3 
it appears, that the probability of the hap- 
pening of any number of events, is equal 
o the product of all the probabilities of 
happening of thoſe events, conſidered ſe- 
parately. 


ſum 9. will be 4 * —X 7 * 5 Sc. whence 


PROBLEM 1. 


The probability of life, and rate of intereſt 
being given; to find the value of an an- 
nutty, granted upon any number of joint 


continue in being together, 


1 0 . 'S 0. 


tives, that is, for -as lang ur they ſhall all 


— 


. T2 
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SOLUTION. 


Let the propoſed annuity be 1 L, and 
A, B, C, Cc. the lives upon which it is 
granted, ander the amount of 1 L, in one 
year, viz. principal and intereſt ; let the 
probability of the life A continuing 1, 2, 


„ 


3, Cc. years, be repreſented by a, a, a, a, 


Ec. reſpectively and that of the life B 


continuing 1, 2, 3, Sc. years, by 6, b, b, 
Sc. Sc. then will the probability of all 


the lives continuing; 1, 2, 3, &c. years, be 
Af & M7, oF #: # 


abcd, &c. a h c d, &c. abecad, &c. &c. 
&c. reſpectively, by the Corollary to the 
preceeding Lemma. Theſe, therefore, be- 
ing reſpectively multiply'd into the terms of 


i 7 f I I 1 b 
the geometric progreſſion, , , , Cc. 
ſhewing the preſent value of 1 L certain, 
to be received at the expiration of 1, 2, 3, 

1694 ö 
&g 224 &c. abc d. &c. 
r 


2 . 


Ge. years, the produ 


WI 7 & | ** 
22 15 =, &c. thence ariſing, will reſpec- 


tively expreſs the preſent values . of the 
iſt, 2d, 3d, &c. year's rents, upon the con- 
tingency of one or more of the lives failing, 
in 1, 2, 3, Cc. years: The ſum of all 


! Win! 
a be d, &c. abe d, &c. 
7 7 + - x3 | 


&c. is, therefore, the preſent value of the 
annuity. Q. E. I. | 


So- 


2 
— 22 - * =” Rs V * — 
Er 


= * L — . 97 2 
F 


__ 5 
n 
2 ©. * 


-- ws £ 8 4 1 —_ : —_— +. 0 me 
* - 4 5 — N * 0 * 
- l 2 _ x 2 . a C | 275 A 5 N 8 83 28 4 
0 — 1 = * 0 l 4 I : . - VP 2 " 
= we” —y 1 . * Fa, * # * 28 "bs iy - — 


Annuities 2p Lives. 13 


COROLLARY I. 


Hence, will the value of an annuity 
for one fingle life A, be  expreſs'd by 
/ Wm | 


H | 
= + + T. Ec. for two joint 
1 1 NH . . 


lives, A B, by = + - + 4+ +, 


Se. and for three joint lives by = 1 + 


r 
OS, e 11 V1 . 


abc a be 2 5 
. 85 Ge. 


"re 


COROLLARY II. 


„)) 0 
If a, a, a, a, &c. be taken equal to 


a, a, a, a, &c. and b, 55 b, 4, &c. 
equal to &, 5, 6, 34, &c. &c. then will the 
value of the annuity be defined by the geo- 


3 bed, & c. a* A. &c. 
metric pr TF 12 
c progreſſion 2— + = + 


a* h3 3 di, &c. | " PORE. a h cad, &c. 
7 , Sc. or its equal ed, Ke. 
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COROLLARY III. 
Therefore, if the value of an annuity 
for each of the ſingle lives be given, equal 


to M, N, P, Sc. reſpectively; then, 
| accorde 


\ 
14 Of the VI ATN of 
according to the above hypotheſis, —— 
M. 2 =N, = p, Ge. 


1 M * 17 N | 
ns ll hrs « = f. 10 Ni? = 


P — 5 „Ec. and conſequently the value of 


an annui for all the joint lives equal t 
* 3 bs 0 


1X MTI NTT FTI, F. MN N * P, Se. N 
upon a ſuppoſition that the probabilities of % 
continuing in being 1, 2, 2, Cc. years, 
are to one another, as the terms of a geo- 


metric progreſſion, or that the decrements 
of life are in a conſtant ratio. 


being = 


COROLLARY IV. 


But if the probability of Living an 
aſſigned part of time, be ſuppoſed tò de- 
creaſe continually, to the .extremity of old 
age, 40 that the terms of the ſeries 2, 


a, a, 4, &c. may be reſpectively expound- 
ed by thoſe of an arithmetic progreſſion, 


— &V. x2 —_ Ge. and the terms 
mM m mM N 


of the ſeries G, 6, þ, 6, fic. hy ihoſe of an 


arithmetic progreſſion,  — p_ = L , 
Sc. Cc. then will the value, .of gn 1 


upon 5 the Joint. lives, it ĩs magifeſt 


Mm] 


, —1 21: &c. 4 m—2 50 t—2, &c. 


Tm * 87 * 5 rm Me. + 
_ * 2 „Ge. where m, n, P: &c. 


reſpeQively repreſent the numbers of years, 
which the ſeveral lives have a chance to 
continue, reckoning to the extremity of 
old age. | 


COROLLARY V. 


Hence it appears that the value of an 
annuity, according to this laſt hypotheſis, 


for one ſingle life A will be —— — 


2—2 , M3 — > joi 
r + 5 + . Cc. for two joint 


E 1 5 M— Xx #—1I M—2 Xx 2—2 
lives A B, equal to - - — 
Inn . r MN 


+ 3, Sc. and for three joint lives, 
mn | 
A, B, C, equal to EEE 4b 


rmnp 
M—2 X ½—2 Xx 5—2 m—3 X'1—3 X 3 

r mn + | n *? Se. 

each ſeries being to be continued to a 

number of terms (n,) equal to the num- 

ber of years included between the oldeſt 
life A, and the extremity of old age. 

But theſe ſeries may be ſummed, and 

| | i ö 1— 2 

vill be found equilto i= — FED, = 

1 = alto — Ni“ 1 —1 

irn Lag 


EE "I n 


A end 34 


= mx XxX r= | max r= 
8 and 
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WARS 
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2 pectively; which values, if 


M be put for the value ( be. ) # 


11 


1 4 11 4 
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ets * RR + 
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n Wing irc 
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of an annuity, certain, for m years, and 


v for ( A ) that of the ſame annuity 


1 1 
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a Xu ＋ p- 2 1-3 v3 X 
reſpectively; ſhewing the worth of an annuity 
for one, two, or three joint lives; upon 
ſuppoſition, that the probabilities of living 
I, 2, 3, Ec. years, are to one another, as 
the terms of an arithmetic progreflion ; or 
that the decrements of life, from year to 
year, are all equal one to another. 


n PY — 


C O- 
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COROLLARY VI. 
But, let the probability of life be what it 


will, the required value may be always de- 
termined by help of a table of obſerva- 
tions, and the general expreſſion foregoing z 
for let the number of the living, correſponding 
to the age of A, in the table, be repreſent- 
ed by Q, and thoſe anſwering to the next 


ſucceeding ages, in the table, by Q, Q, Se. 
reſpectively; and, in like nd let the 
number of the living, anſwering to the age of 


B., be repreſented by R, and thoſe anſwer- 
5 Wn 


ing to the next ſucceeding ages, by R, R, R, 
Se. Se. Sc. then the Robadlhty, that 


the life A continues I> $5 „ VT. years, 
In 


being 8 Q 2 Ge. and that of the 


life B, continuing I, 2, 3, Ce. years, 


equal to R 2 2 Sc. Sc. we ſhall, by 


ſubſtituting theſe ſeveral values, inſtead of 


l 


a, a, a, &c. b, b, b, &c. in the general 
11% 8 


Lad 
3 have * G S, 5 — ES, oe 


Ke rQRS, &c. 5 8, Oe. 
CRS. Oc. 5 Oc. 9 QRS, Fe. Wy $ x 
UKs, Te. 7 . 


+ s 5 Se. oops! to the va- 
lue of the aundity. 


C C O- 
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COROLLARY VI. 


| Hence, if the value (P) of the joint 
lives A, B, C, be given, or once computed, 


the value (K) of the next younger lives, 
/ 


A, B. C, Sc. whoſe ages are, each, reſpec- 
tively, one year leſs than thoſe 4 A, B, 


C, Sc. may be eaſily derived; for let 
Q, R, S, &c. be the numbers found in 


the table of obſervations, againſt thoſe next 
younger ages 3 5 then, for the very ſame rea- 


. 
QA 8, Sc. QRS, Ec. 13 


ans "I GRS, Se. = 
P, ſhall rQRS, Tc. _ As. e. Se. be = 


K: Wherefore, multiplying the former 


equation by QR 8, Ce. and the latter by 
7 S, Sc. and, taking one from the 


other, we have 8, Cc. D r KR 8, 
—PQRS, Sc. and conſequently K 


1+PxQRS, &c _ IEP x RS Ge 
—"FORS; 7: 1 + 7QRS, Tc. 
#-4 2 


COROLLARY vm. 


Laſtly, from Coroll. IV, V, and the 
given value (P) of the joint lives A, B, C, 
Sc. the value of an annuity upon an equal 


9 | | number 
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number of other joint lives A, B, C, &c. 
reſpeively, younger than the former, by 
any number of years, during which, the 
decrements of life may be eſteemed equal, 
may be readily determined. Let s be the 
propoſed number of years, or the common 


| 
difference between the ages of A and A, 
B and B, C and C, Ce. and w ( = = 


s 
the preſent value of 1 L, due at the end of 
s years ; let the number anſwering to each 
of the ages A, B, Sc. be taken from the 
table of obſervations, and divided by the 
preceding decrement, and let the quotients 
(in, u, &c.) be conſidered as the comple- 
ments of thoſe ages, to the extremity of 
old age, and let (8) the value of an an- 
nuity, anſwering to thoſe complements, 
by Coroll. V. be accordingly found. 
Moreover, having added , to each of the 
ſaid quotients, and taken the ſums ( + s 
n + 5, &c.) thence ariſing, as the comple- 


ments of the ages, A, B, C, &c. to the extre- 
mity of old age, let (T) the value of an 
annuity anſwering to theſe complements, 
in the ſame manner, be alſo found. Then 
it will follow, from what has been laid 
down in the forementioned Corollaries, that 
T+ PaSSyNi Et .. X.... will expreſs the 
mÞ+5s X n-+s, &c. 


C 2 value 
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value of an annuity upon the joint lives, 


A, B, G, Se. 
Theſe two laſt Sete will be found 
very uſeful, . in computing tables for the 
valuation of annuities upon one ſingle life, 
or 2, 3, or more yoint lives, as deducible 
From real obſervations ; and I have inſiſted 
more largely on this propoſition, becauſe 
the moſt intricate queſtions in the ſubject, 
may be referred to it, and readily ſolved by 
help of tables ſo computed ; as, in the 
ſucceeding propoſitions, will be made to 


appear. 


PROBLEM II. 


The ſame things being given as in the laſt 
Propofutzon; to find the value of an an- 
nuity, granted upon any number of affign- 
ed lives, that is, to continue as long as the 


longeſt of them is in being, 


SOLUTION. 


Let every thing be ſuppoſed as in the 
preceding problem; then ſince the probabi- 
lity that the life A, B, or C, Sc. fails the 
firſt year, 1s expreſs'd by 1—a, I—6, or 
I—, Sc. reſpectively, the probability of 


all the lives, A, B, C, &c. failing the firſt 
year, 
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year, will be expreſs' d by 1—4 X i—b * 
i—c, &c. (per Lemma) therefore that 
of ſome one or more of them, ſurviving 
the firſt year, will be 1—1—a X 1—6 X 
I—c, Cc. In like manner, it will appear, 
that the probability of ſome one or more 
of the lives, ſurviving the ſecond year, will 


be 1— 1 = X VE. x Se. Sc. Therefore, 
if theſe ſeveral probabilities be reſpectively 
multiply d into the terms of the geometric 


ſeries = _— = &c. expreſſing the preſent 


value of 1 L certain, to be received at 
the end of 1, 2, 3, &c. years, the pro- 
ducts thence ariſing, will reſpectively ex- 
hibit the preſent values of the iſt, 2d, 
za, &c. year's rents, upon the contingency 
of ſome one or more of the lives ſurviving 
the 1ſt, ad, zd, &c. years; the ſum of all 
which products, or — +=+: + 5+ = Sc. 


—ů—ůů a—Xͤ— 


* / / U Il 
, &&. I—aXI—b, &c. 1—aXI—b, &c, 


* 5 F 
lll HI 
1 I—aX 1—5 &c. o 
is therefore the value of the 


annuity, E. I. 0 
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COROLLARY I. ; 
Hence, if the lives be all equal, and their 3 
number be repreſented bys, then 456, &c. be- 
comingequal to each other, the value of the an- 


nuity will be expreſſible by — 4 _— + 75 » &c, 


** 


* . 
8 ENS, Ring # 


. ' . * A fs . 
OY an I. % DE, RCCL rg og N 
I , . rex. 


VF 
COROLLARY. II. 3 

4 

Since the value of the annuity, con- ; 
verted to fimple terms, 1s 3 


Sf 1 
ASA”. 


22 b | þ 
2 +4,&c,—L—L, Ge. ++, Ge. 


r r ? 2 
I þ / f It / , / / ; 4 1 
a = os ac abc 4 A 
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4 b | ab ac abc aA 
= T7 Se. = 1. Sc. T Ce. 


Se. Se. Sc. &c. Se. Se. 


where, according to the laſt. propoſition, 
the firſt collateral column expreſſes the va- 
lue of an annuity for the fingle life A; 
the ſecond, the like for the ſingle life B; 
the third and fourth, for the joint lives 
AB and AC, Ge. Se. it follows, that 
the value of an annuity, to continue as 

i lang 
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long as any one of the lives A, B, C, D, &c. 
is in being, is equal to the ſum of the va- 


lues of all the fingle lives, /z/5 the values 
of all the joint lives, combined two and 


two, more the values of all the joint lives, 


combined three and three, 4% the values 
of all the joint lives, combined four and 
four, and ſo on. Therefore, when the 
values of the joint lives are given, the va- 


lue of an annuity upon the longeſt life, 
will from hence, be likewiſe given. 


COROLLARY III. 


But when the lives are all equal, the 
values of every 2, or 3, Cc. joint lives, 
will hkewiſe be equal; therefore, if the 
value of each ſingle life be repreſented by 

/ 


H, that of each two joint lives by H, that 


of each three joint lives by H, Sc. the va- 
lues of all the fg lives, being s in num- 
ber, will be = 5 H, and the values of all 
the joint lives, combined two and two, 


= 5X H. Se. Whence it is manifeſt, 
that the value of the longeſt life, in this 


* . C02 [ nods a 
caſe, will bes H—= x —H+ 2 wEER 
, | 


—2 3 $—=T —2 3 ﬆM r 
H- X KH 2 


F 


2 X 1—3 —4 IM 
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COROLLARY IV. 
If the probabilities of continuing in being 
I, 2, 3, &c. years, be expounded by the 
terms of an arithmetic progreſſion, or the 


decrements of life from year to year, be 
ſuppoſed' equal (as in Coroll. IV. and V. 


24 


of the laſt Propoſition) and if m np, Cc. 


be reſpectively put for the numbers of 
years between the ſeveral ages A, B, C, &c. 
and the extremity of old age, and MNP, 
Sc. be taken to repreſent the preſent values 
of an annuity certain for thoſe numbers 
of years, and v that of the : annuity for 
ever; then will the value of one life A be 


equal to v + 1X = of two lives A B, 


8 er 
equal tod x M+N—20v+ 2v K 
7 41. 


ae lives A, B,. C, 8 v J. 


E mg el. 1 LD 
m1 ＋ 2 t 3 R 2 v — ———X 


EFT F . | P 
* 2 IK + P 1 
2n + m + 6 v + 3 3 Se. which values, 


thereſore, when the lives A, B, Sc. are all 


8 _ M 
equal, will become v — v + 1X38. 7 


- 


41 


„ eee — bt NY 8 NM 
. m+1x3zm+6v+06v AN. 


3vxv+ixm+2v+1L 


—. reſpectively. 
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Note. When the propoſed lives are un- 
equal, or of different ages, A is to be taken 
as the oldeſt of them, B as the next oldeſt, 
and ſo on. | | 


PROBLEM Il. 


To find the value of an annuity granted upon 
any number, n, of lives, A, B, C, &c. 
but ſo as to continue only as long as a 
given number, m, of them are in being. 


SOLUTION. 


Let P be the value of all the joint lives, 
A, B, C, Sc. that is, the value of an an- 
nuity, for as long as they ſhall all continue 
in being together; and let Q be the ſum 
of the values of all the joint lives that can 
ariſe, by combining A, B, C, Cc. ſo as to 
leave out one life at each combination, and 
R, the ſum of the values of all the joint 
lives, that can ariſe by combining the ſame, 
ſo 'as to leave out two lives at each combi- 
nation, Sc. Sc. Then will 
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be the value of the annuity required ; 

where the firſt ſeries is to be continued ta 
as many terms, as there are units in #+1 
n; the ſecond to as many terms, as the 
firſt all but one; the third to as many as 


the ſecond, all but one, and fa on, 


o 


COROLLARY. 


Hence it appears, that the value of an 
annuity, to ceaſe upon the failing of the 
firſt life, will be P; upon the failing of the 


ſecond life, = P + Q; upon failing of 


the third life, — #X n P + — 2 


R; and "IM Sites of * fourth 
life, — 


r 
Q 3 * R 


＋ 8, &c. Se. 


Ro- 
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PROBLEM IV. 


To find the value of the reverſion of the 
longeſt of any number of lives, A, B, C, 


after the longeſt of any number of other 
lives, P, Q., R. 


SOLUTION. 


From the value of all the lives, Alen 
P, Q, R, ſubtract the value of the lives, 
P, Q, R, in poſſeſſion; the remainder will 
be the value of the reverſion. 

The truth of this Solution is almoſt ſelf- 
evident; for the exceſs of the value of all 
the lives, above that of the lives in poſ- 
ſeſſion, is equal to the ſum that ought to 
be paid, for the chance of enjoying the an- 
nuity after the deceaſe of theſe laſt lives; 


2 ſo muſt be the true value of the rever- 
ſion. 


PROBLEM v. 
To find the value of the reverſion of any 


number of joint lives, A, B, C, after any 


number of joint lives, P, Q, R. 


80 
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SOLUTION. 
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From the value of the joint lives in re- 
verſion, ſubtract the value of all the joint 
lives, and there will remain the value of the 
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DEMONSTRATION, 


> > » wn a WED. 
** . C Wt 

- o— tht > P 
- * »# * * 2 & l | 


Let the right of the reverſion, or all the 
rents that may happen to ariſe from the an- 
nuity, during the joint continuance of 
A, B, C, after one of the lives P, Q, R, in 
poſſeſſion, is extinct, belong entirely to one 

perſon K, and his heirs; and let him be 
admitted into immediate poſſeſſion of the 
annuity, for the joint lives, A, B, C, upon 
condition that he or his heirs ſhall pay back 
the rent thereof, till ſuch time as it becomes 
his or their own proper right. This being 
premiſed, it will appear, that as long as all 
the lives, A, B, C, P, Q, R, are in be- 
ing, and no longer, ought K, or his heirs, 
to pay back the rents of the annuity; for 
firſt he ought to pay, while A, B, C, P, Q, R, 
are all in being, becauſe all this time he re- 
ceives the rent of an annuity, to which he 
has no right ; but ſecondly, he ought not 
to pay after the deceaſe of any of the 
a lives, 
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lives, P, Q. R, ſince whatever he may hap- 


pen to receive afterwards, is his own juſt 
property ; nor ought he to pay after the de- 
ceaſe of any of the lives, A, B, C, becauſe 
then he is wholly exempted from all fur- 
ther benefit ariſing from the annuity. 
Therefore, ſeeing the value of all the 
rents that K and his heirs may happen to 
pay, is the fame as the value of all the 
Vint lives, A, B, C, P, Q. R, and the va- 
lue of all that they may receive, or the 
W whole produce of the annuity, the ſame as 
chat of the ſoint lives, A, B, C, the Solution 
W is manifeſt, 
3 Otherwiſe, 

= Let the probabilities of the life A, con- 
tinuing 1, 2, 3, Sc. years, be denoted by 
| 1 


. 4, a, &c. and thoſe of the . life continu- 


Wing 1, 2, z, Sc. years, by 6, 6, b, &c. re- 
ſpectively, Cc. In like manner, let the 


probabilities of the life P, continuing 1, 
7 F< 


W2, 3, Sc. years, be denoted by p, p, p, &c. 


and thoſe of the life Q continuing 1, 2, z, 
1 


Sc. years, by 9, 9, 9, &c. let the annuit 
pe 1 L., * 1 of * amount of 1 L i 
one year, V2. principal and intereſt, Now, 
he expectation of A, B, C, upon the firſt 
ear's rent, depends upon theſe two events; 
Irſt, that they all continue in being till the 
end of that year, and ſecondly, that ſome 
| one, 
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one, at leaſt, of the other lives, P, Q, R, 
fails before that time : Wherefore, ſeeing 
the probability of the former is abc, and 
that of the latter 1—þ qr, the probability 
that both happen, or that A, B, C, ſhall 
receive the firſt year's rent, will be abc * 


1—þpqr, or ab c=abcpgqr; this, therefore, 
multiplied into = „the preſent value of 1 L, 


due at the end of one year, gives 
abc abtpgr 
m 


2 for the true value of the 
expectation of A, B, C, upon the firſt year's 


rent; and by the very ſame way of reaſon- 
ing, the expectation of A, B, C, on the 
2d, 3d, Fc. year's rents, will appear to be 


1 7 7 F „ , N I i 
e ee ne 
tively; the ſum of all which, or u 
ade, ab W 
* m* ? . m nt 


&c. is; therefore the total value of the re- 
verſion; and this, from Problem I, appears 
to be equal to the value of the joint lives, 


A, B, C, leſs the value of all the joint 


lives, A, B, C, P, Q. R, as was to Ot 
proved. | | : 


xt het 4 - X K „ * n 0 22 4 N 
* * am ITY < n 2 N a — 
S r oat 
* 4 7 * Nr 9 OY „„ * 1 
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PROBLEM VI. 


Jo find the value of the reverſion of any 
number of joint lives, A, B, C, after the 
longeſt of any number of other lives, 


2 2 = 


- 
ll Oo oye EO 
* 4 X 


SOLUTION. 


Let a, b, c, Sc. be as in the laſt Pro- 
blem : Then, becauſe the probability-of all 
the lives, A, B, C, continuing till the end 
of the firſt year, is 26 c, and that of all the 
other lives, P, Q, R, failing before that 


time, 1—p Xx 1—9q X 1—r, the probability 
that both theſe events happen, or that 
A, B, C, receive the firſt year's rent, will 
(by the preceding Lemma) be abc X 


1 X - X 1—r ; this therefore multi- 
plied by = the preſent value of 1 L cer- 


* 0 d ol to f ' G r : 
i Ot, . ͤA RT IT | OY 
- 


tain, to be received at the end of one 


year, gives — for the true 


value of the expectation of A, B, C, upon 
the firſt year's rent, allowing err ee 
and all contingencies. After the very ſame 
manner it will appear, that the value of the 
expectation of A, B, C, on the 2d, 3d, &c. 

year's 
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$4.4 7 7 7 


year's rents, will be 12 _ AED and 
41 . " BS, it 
2 5 4 „Sc. reſpectively. 


Therefore the ſum of theſe values, or 

8 n,, ms 3 

abe XIX I—qXx 1-r & ty... a bc ER I—q K I—r 
1 : m 


Vn 1 il WE 


412. * — , Sc. is the whole 


value of the reverſion. Q. E. I. 


COROLLARY. 
If the laſt general expreſſion be reduced 


to ſimple terms, and compared with that 
in Problem I. it will appear that the va- 
lue of the reverſion, of any number of 
joint lives A, B, C, after the longeſt of any 
number of lives, P, Q, R, is equal to the 
value of all the joint lives A, B, C, les 
the values of all the ſoint lives ariſing from 
combining (at each combination) all the 
lives A, B, C, with each one of the other; 
more the values of all the joint lives, 
ariſing from combining all the lives A, B, C, 
with each two of the other; /e/s the va- 
lues of all the joint lives, ariſing from com- 
bining all the lives A, B, C, with each 
three of the other, and fo ON. 


P R O- 
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PROBLEM VII. 


To find the value of the NN the 
' longeſt of any number of lives A, B, C, 
after any number of joint lives, P. Q, R. 


SOLUTION. 


I / p 

Let m, a, a, b, b, p, p, 9, &c, be till 
as in the preceding propoſitions. There- 
fore, ſeeing the probability that one or 
more of the lives P, Q, R, fails the firſt 
year, is expreſſed by 1—pqr, and that of 
one of the lives A, B, C, at leaſt, ſurviv- 
ing the firſt year, by 1—1—@a Xx 1b X I—c, 
the probability that theſe laſt A, B, C, 
receive the firſt year's rent, will be 


— ——ͤ——d 


I—pgr X I—I—@X 1b X I, and con- 
ſequently the value of their expectation on 


— 


25 I—I—aX1—bXI—-c 


that year's rent, 1 —Þ qr X— , 


— 


I—I—aXI-bxI-c pgrxI—l—aXI—bxI— 
or — — | 

m m 
And, from the very ſame way of reaſoning, 
the value of their expectation on the ad, 
3d, &c. year's rents, will appear to be 


3 5 — 9 ! 5 
I—I—@aXx1-bxI— . pgrxI—I—axI—bxI— a 
— _ = — — — — — ET 2 3 an 
m | = 5 N K 


D 1— 


II- X I- XI I— pgrxX1—1—4XI—bX1—c 
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— — 


7 [ 7 on Ds EO I 


| 
4 
1 


— 
. 


m m3 


Ge. Therefore the ſum all theſe, or 


1—1—4 X I—b Xx I—c « I —I—@X I—b X Ic * 
"I | = "YT m* Ws | 
I—I—aXx l—bXI—c Per X I—I—aX1I—bXI—c 
— I f — 

3 n 


— — — * — 


£4 OT Es... — / 
pr xXI—1i—aXI—bXx1i—c 
— — — — — — — — 


2 
>» m 33 


— — 


ſ 


— 


n 


8 4 
2 


Wl 7 3 
n 1— 
JA. _ E, &c. muſt be the 


total value of the reverſion. Q. E. I. 


COROLLARY. 
N 


Hence, becauſe it appears from the 
preceding problems, that the firſt ſeries, 


ö / / 
1—1—4 Xx I—b JK 1—c 4 1—1— Xx I—bXI—-c 


m m* nk K 
expreſſes the value of the longeſt of the 
lives A, B, C, and that the ſecond 
2 — — Ge. (reduced to 

| 7 | 
ſimple terms) is equal to the values of 
all the joint lives ariſing from combining, at 
each combination, all the lives P, Q. R, with 
each one of the other, Cc. it follows, that 
the value of the reverſion of any number 


| of 
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of lives A, B, C, after any number of joint 
lives, P, Q. R, is equal to the value of the 
lives A, B, C; % the values of all the 
joint lives, ariſing from the combination 
of all the lives, in poſſeſſion with each one 
of the other; more the values of all the 
joint lives, ariſing from the combination of 
all the lives, in poſſeſſion with each 7209 of 
the other; % the values of all the joint 
lives, ariſing from the combination of all 


the lives, in poſſeſſion with each Zbree of 
the other, and ſo on. 


| 1 22 TABLES 


T 
ANNUITIES, 


Upon One, Two, or Three 
LIVE 5; 


Deduced from ten Years OBSERVATIONS 
on the BILLS of MorTaLiTty of the 


City of LONDON. 
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re. 


For the V aluation of Annuities upon one 
LIFE. 


Year's | Year's | Year 8 Year's | Year's | Year's | 

» Purch, | Purch. Purch. > Purch. !Purch. | Purch. 

® ſat 5; per|at 4 per 'at 3per| ſ at 5 fer at 4per|at 3 per 
cent. cent, cent. cent. cent. cent. 


—— — 


14.1 16.2 18.8210 12.9 14.7 17.9 
14.2 16.3 18.922 12.7 14.5 16.8 
14.3] 16.419.023 12.6 14.316. 5 
14.3 16.419.024 12.4 14.1 16.3 
14.3 16.4 4 0 25 12.3 14.0 16.1 


O © 2 


1114.3 16.4 19.0 26 12.1013. 8115.9 
12] 14-2] 16.318.927 12.0; 13.6 15.6] 
13] 14.1] 16.2| 18.7|28; 11 8 13-4| 15.4 
14| 14.0] 16.018.529 11.7 13.2| 15.2 
15 13-9 I5.8| 18.3 39] K 6 13.1 15.9 


110] 13.7] 15.6] 18.131] 11 4 12.9] 14.8 
[17 13. 5 15.417.932 11. 3 12.7] 14.0 
18] 13.4] 15-2] 17.6 33 11. 2 12. 6114.4 
19] 13.2 15.0] 17.4 34; 11.0 12.4| 14.2 
e = I3.0] 14.8 17.2 35 10. 9 12.3| 14.1 
2. 290 3 


1 | 
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Year's [Year's Year's 'Yeat's [Year's Ya 
S [Purch. [Purch. [Purch 4 Purch. |Purch, | Purch. | 
® [at 5 per ſat 4 per [at 3 per at 5 per [at 4 per | at 3 per 

cent, ſcent. |cent. ' cent, |cent, | cent. 

36 10.8] 12.113.956 8.4 9.1] 10.1 

137] 10.611.913. 757] 8.28.9 9.9 
380 10.5 [11.8 13.5580 8.1] 8.7 9.6 
391.411.613.359 8.0] 8.6| 9.4 

140] 10.3] 11.5] 13.260 7.9 8.4| 9.2 
—— — 3 —— 

[41] 10.2 11.40 13.0616 7.7] 8.2 8.9] 
42 10. 111. 20 12.8062 7.6 8.1 8.7 
4310.0 11.1] 12.6063 7.4 7.9 8.5 

144] 9.9 11.0] 12.564] 7.3 7.7 8.3 

145] 9.810.812.3065 7.1 7.5 8.0 
466 9.7 10.7 12.1066 6.9 7.3 7.8 
47 9.5 10. 5 11.967] 6.7] 7.1 7.6 
43] 9.410.411.8068 6.6 6.9 7.4 
49] 9.30 10.211.669 6.4 6.7 7.1 
50 9.2 10. 111. 4/0 6.2] 6.5] 6.9 

51 9.0 9.911.271] 6.0] 6.3 6.7 

52] 8.9] 9.8 11.0%] 5.8] 6.1] 6.5 
53] 8.8] 9.6|10.7|73] 5.6| 5.9] 6.2 

154] 8.6 9.4|10.5|74| 5.4 5-6] 5.9 
55| 8.5 9-3] 10-3 75 * 5-4] 5-0] 

| | i 


- 
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TABL E H. 


For the Valuation of Annuities upon two 
joint Lives. 


| 


| - Year's | Year's Year's — Vear's Dyer Year's 
Þ {Purch. | Purch. Purch. | > |Purch. |Purch, |Purch. 
4 at 5 per at 4 per at 3 per Ly at 5 per at 4 per at 3 per 
| ® jcent. (oe. cent, cent. ſcent. cent. 
611.312.714.421 10.011. 212.6 
7111.5 12.9 14.622 9.811. 012.4 
811.613.014.723] 9.7 10.8 12.2 
| 9 11.0| 13.0| 14.7|24| 9.5| 10.6 12.0 
1011.66 13.0 14.7}25| 9.410. 5 11.8 
1111.5 12.91 14.6026 9.2 10.3 11.6 
1211.40 12.814.527 9.1] 10.1] 11.4 
13] 11.3| 12.7} 14.3280 8.9] 9.9] 11.2} 
1411.20 12.5| 14.1029 8.8 9.8 11.0 
1511.0 12.3 13.9 3 8.0] 9.6 10.8 
[16] 10.8 12.1 13.7131] 8.5| 9.4| 10.6 
17] 10.7] 11.9, 13.5|32 8.3] 9.2] 10.4 
118] 10.5] 11.7 13.233] 8.2 9.1] 10.2 
19 10.3] 11.5] 13.0034 8.1] 8.9] 10.0]. 
120 aL L319! 35 nd £2] 9.9] 
„ | | | 


| 


A 


— 
＋ 
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cent. 
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cent, 
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Year's |Year's [Tears 
Purch. |Paurch, | Purch. 
at 5 per at 4 per |at 3 per 


cent. 
5 
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5 
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5 
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For the Valuation of 


longeſt of two Lives, 


Annuities upon He 


| 


's | Year's 
. |Purch. 


do 
77 
(SS) 
S 
"i 


cent. 


J 


c ND ND 
Unuwwun rs Www 


[: 


Do 
WO GO 
oy * o 
A Ur 


Year's 
Purch. 
at 5 per 
cent. 


— 


15.6 
15.4 
15.3 


15.1 
I 5.0 


_ | — 


14.9 


14.7 


14.5 
14.4 


14.2 
14.1 


14. 0 


13.9 
13.8 


- 


— 


Year's 


Purch. 


at 4 per 
cent. 


18.2 
18.0 


17.8 
17.0 


I 7.4 


17.3 


17.1 
14.6] 16 


16.8. 


16.6 


16.4 
16.2 
16.1 


1549 
15.8 


| 


9119.7 


. 


Year's 
Purch. 


at 3 per 
| cent. 


21.1 


20.6 
20.3 


] 
— 


| 


21.3 


20.8 


20.1 
19.9 


19-5 
19.3 


19.1 
18.9 
18.7 
18.5 


18.3 


. — Eco, 


— 


— — 
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| 


Year's 
. |Purch, 


at 4 per 


cent. 


12.1 
I 1.9 
11.7 
11.5 
11.2 


| 
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E 


For the Valuation of Annuities upon three 
joint LivEs. 


| = Year's ah Year's, = Year's Year's Year's | 
= [Purch. Purch. | Purch. | 5 | Purch. [Purch, Purch. 
> at perſ at 4 per] at 3 per atis per ſ at 4 per at 3 per 
'S |cent. cent. cent. cent. cent. cent. 
66 9.7] 10.6 11.7,21 8.2| 9.0 | 10.0| 
7| 9-9] 10.811.922 8.1] 8.9 9.8 
8 10.0] 10.9 12.0 23| 7.9 8.7| 9.6 
9 10.0] 10.9] 12.0,24| 7.7 8.5 9.4 
10 10. o 10.9] 12.025 7.0 8.39.2 
1 3 
119.9 10.8 11.926 7.44 8.1 9. o 
12 9.8] 10.7 11.827 7.3] 8.0 8.8 
[13] 9.6] 10.5] 11.628 7.1] 7.8] 8.6 
14 9.51 10.4] 11.4 29 7.0} 7.7 8.5 
15 9.3 10.2 11. 2 30 6.8] 7.5] 8-4 
Fa 2—ͤ— —— — — . — — 
[10] 9.2] 10. 0 11.0031 0.7] 7.4] 8.2 
17] 9.0] 9.3] 10.832 6.5 7.2 8.0 
180 8.8] 9.0] 10.6033 6.4] 7.1 7.9 
19] 8.60 9.4] 10.434 6.2] 6.9 7.7 
20] 8.4] 9.2] 10.235 6.1] 6.8 7.6 
[ | 8 | | 2 


Annuities pon Lives. 


— ut _— 


45 
Year's | Year's |Year's = MN Year's ] Year's 
Purch. |Purch. Purch. & |Purch. |Purch, |Purch. | 
at 5 per | at 4 per at 3 per F at 5 per at 4 per at 3 per 
cent. cent, cent. cent. cent. cent. 
6.00 6.7] 7.4560 4.4] 4.7 5-I} 
5-9] 6.5 7.257 4.3 4.6] 5.0 
5.80 6.4] 7.10580 4.2 4.3] 4.9 
5.7 0:3] 7.059] 410 4.4 4.8 
5.6] 6.2] 6.960] 4.0 4.3] 4.6 
41] F. 5 0.1] 6.8161] 3.9 4.2 4.5 
42 F 4] 6.00 6.7 620 3.8] 4.1] 4.4} 
43] 5-4] 5-9] 6.53] 3.7 4.0] 4-3 
44] 5-3] 5-5] 464 3-7] 3-9] 4-2 
45] 5-2] 5-7] 6.365] 3.6 3.8 4-1} 
46] 5.1} 5-6] 6.2066 3.5] 3.7 3-9] 
47] 5-9] 5.5 6.167] 3.4| 3.6] 3.8 
48 5.0] 5-4| 5968 3.3] 3.5 3-7 
49; 4:9] 5:3] 5-8]69| 3-2} 3.4] 3.6 
500 4.8 52 5.770 3.1] 321 3:4 
r n 
51 4-7] 5.1] 5.6710 3.0] 3.1] 3.3 
52 4-7] 5.1] 5. 572] 2.9 3.0] 3.1 
530 4-0] 5.0] 5.473] 2.8 2.9] 3.0] 
$4] 4-5] 4-9] 53/74] 2.6 2.7] 2.8 
55 4:4] 4-8] 5-2 75 2.5] 2.0] 2.7 
= | 


| 
| 
| 


; 4 
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For the Valuation of Annuities upon the 


TABLE V. 


longeſt of three Lives. 


W 


—— — 


— 


| Year's 
Purch. | Purch. 
at 4 per at 3 per 


cent . 


* 1 
21.0 


* 


121.1 
21.2 
21.2 
121.2 
IE? 
21.2 
21.1 
21.0 
-20.9 
20.7 


| 


x 


20.5 
20.3 
20.1 
"1949 
19.7 


L 


Year's | 


cent. 

25.0 
25.1 
25.2 
25.2 
25.2 

— 


25. 0 
24.8 
* 


| 


| 


[Ho #1 
25.1 


= 


ARR 
24.3 
24K 
23.8 
235 
23.31 
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Here follow the practical Solutions of 
ſeveral Problems, depending on the fore- 
going tables. 


PROBLEM VIII. 


'To find the value of an annuity for an 
affigned life. 


SOLUTION. 
Look out the given age in table I. and 


againſt it, towards the right-hand, under 
the propoſed rate of intereſt, will ſtand the 
number of years purchaſe, which an an- 
nuity upon that life is worth. 


EXAMPLE. 


Let the given age be 18 years, and the 
rate of intereſt 4 per cent. then looking 
againſt 18, under 4 per cent. I find 15.2, 
equal the number of years purchaſe re- 
quired. 


PROBLEM IX. 


To find the value of an annuity upon two 
S O- 


affigned joint liues. 


0 
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BOLUTION: 
CASE I. 


If the two lives be equal; enter tab. II. 
with the common age; and againſt it you 
will have the value required: 


CASE II. 


If the given ages be unequal, but nei- 
ther of them leſs than 25, nor greater than 
50 years; take half the ſum of the two for 
a mean age, and proceed as in Caſe I *, 


CASE III. 


If one or both ages be without the li- 
mits abovementioned; but ſo that the diffe- 
rence of the values correſponding to thole 
ages, be not more than 5 of the leſſer; 
let = of that difference be added to the 
faid leſſer value, and the ſum will be the 
value ſought. | 


— — — . — —— 


8 K 


60 


* This and the following Solutions are ſo contrived, as 
to be always depended on to leſs than & of a year's pur- 
Chaſe, 28 I ſhall hereafter endeavour to make appear. 


E | Gene- 
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Generally, 


Be the difference of the values what 
it will, multiply it by = the leſſer of the 


two values, dividing the product by the 
greater; then the quotient, added to the 
leſſer value, will give the true anſwer very 
near. 


"ExAMPLE of Cs I. 


Let the two given ages be each 18, and 
intereſt at 5 per cent. then in tab. II. againſt 


18, under 5 per cent. is 10.5 years pur- 
chaſe. 


ExAMPLE of Casz II. 


In which the rate of 1atereſt is ſuppoſed 
as above, and one of the two ages 34, the 
other 48 ; therefore the half ſum of the 
ages is 42, againſt which ſtands 7.1. 


 ExamerLe of Cas III. 


Where one age is ſuppoſed to be 15 
years, the other 293 here againſt 15 years 
will. be found 11.0, and againſt 29, 8.8, 
the difference of which two values is 4-2, | 

an 


d 
ſt 


10 


* 
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and = — thereof, equal to o. 883 this there- 


fore, added to 8.8, gives 9.68, or 9. 7 for 
the anſwer. 


EXAMPLE of CAsx IV. 


Let the rate of intereſt be 4 ßer cent. and 
one age 11 years, the other 68. The values 


correſponding to theſe ages, are 12.9, and 


4. 6, their difference is 8.3, which mul- 
tiplied by 2.3. will be 19.09, this divided 
by 12.9, quotes 1.5, which therefore, ad- 
ded to 4:6, the leſſer value, gives 6.1, 
equal the value ſought. 6 


Ws 
PROBLEM X, 


To find the value of an annuity upon two 
lives, that is, to continue as long as either 
of them is in being. 


Was, 
C A 8 E I. 
If the lives be equal, find the given age 


in tab. III. and againſt it, under the pro- 
poſed rate of intereſt, will be the num- 


ber of years arent required. 


ta CASE 


0 
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CASE II. : 


If both ages be between 25 and 50, take 


half their ſum for a mean age, and proceed 
as in Caſe I. 


CAS E III. 


If one or both ages be without the li- 
mits mentioned in the laſt caſe, but the 
difference of values correſponding to thoſe 


ages, as found in tab. III. be not more 


than 5 part of the leſſer; take half the 
ſum of thoſe values for the value required. 


_ Generally, 


Let the given ages be what they will, 
find the value of the two joint lives by 
Caſe IV. Prob. IX. which ſubtract from 
the ſum of the values of the two ſin- 


_ gle lives, and there will remain the re- 


quired value of an annuity upon the longeſt 


life. 
| Exanruul of Cast I. 


Wherein the two given ages are each 
ſuppoſed 50 years, and the rate of intereſt 


4 per cent, Here againſt 50 years, in 
85 tab. 


at 


Annuities «por Lives. 53. 
tab. III. under 4 per cent. ſtands 13.3, 


ſhewing the number of years purchaſe, 
which an annuity is worth for two ſuch 
lives. 


EXAMPLE of CasE II. 


Suppoſe one age 30 years, and the other 
46 ; then, the half ſum of the ages will be 
38, anſwering to which, under 4 per cent. 


ſtands 15.3. 


EXAMPLE of Casr III. 


Let the two propoſed ages be 6, and 21 
years; then againſt 6 years will be 19.7, 
and againſt 21, 18.2, the half ſum where- 
of, is 18.95, equal to the number of years 
purchaſe required, | 


EXAMPLE of Casz IV, 


Let one age be 11 years, the other 68, 
and the rate of intereſt as in the preceding 
examples, Then the value of the twa 
joint lives, by Caſe IV. of the laſt Pro- 
blem, will be found 6.1, and the values of 
the ſingle lives, by Problem VIII. equal to 
16.3, and 6.7, the ſum of which two, de- 
creaſed by 6. 1, is 16.9, equal to the value 
required. | 
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PROBLEM XI, 
To find the value of an annuity upon three. 


Joint /ves. 


SOLUTION. 


CASE I. 


If all the lives be equal; find out the 
given age in tab. IV. and againſt it, under 
the propoſed rate of intereſt, will be the 
number of years purchaſe required, 


c As EI. 


If all the three ages be between 15 
and 55 years, and the difference between 
the greateſt and leaſt of them not more 


than 15 years, take = part of their ſum 


for the mean age, and proceed as in 
Caſe I, 


CASE III. 


If one or more of the propoſed ages 
be without the limits, mentioned in the 
laſt article, but the difference of the va- 
lues anſwering to the greateſt and leaſt 
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of them, not greater than half the leaſt ; 
then to the ſum of the two greater 


values, add twice the leaſt, and take — of 
the ſum for a mean value required. 


Generally, 
Be the ages what they will, multiply 


the ſum of the three correſponding va- 
lues, by the ſquare of the leaſt of them, 
reſerving the product; multiply the two 
greater values into each other, and to. 
the double of the product, add the ſquare 
of the leſſer value; divide the reſerved pro- 
duct by this ſum, and ſubtract the quo- 
tient from twice the leſſer value; the re- 
ſult will be the value ſought. | 


EXAMPLE of CASE = 


Let each age be 35, and the rate of 
intereſt 3 per cent. then in tab, IV, againſt 
35, under 3 per cent. ſtands 7,6, which is 
the number of years purchaſe that an an- 
nuity is worth for the three ont lives, 


EXAMPLE of CasE II. WW; 
Loet the three given ages be 20, 25, and 
33 years, Here = of the ages will be 26, 
| — 4 correſ- 


* 
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correſponding to which, under 3 per cent. 
ſtands g. o. | | 


ExAMPLE of CAsE III. 


Where the propoſed ages are 7, 15, 
and 33 years; againſt theſe ſtand 11:9, 
11.2, and 7.9, therefore the ſum of the 
two greater values is, here, 23.1 ; this added 


to twice the leſſer, gives 38.9, the 2 of 
which, or 9.725, is the value ſought. 


Ex AML B of Cas Iv. 


Let the three ages be 13, 31 = and 53 


years, and intereſt 4 per cent. then the va- 
lues anſwering to thoſe ages, will be 10. 5, 
7.3, and 5.0; the ſum whereof is 22.8, 
which multiply'd by 25, the ſquare of the 
leaſt of them gives 570, to be reſerved ; 
Again, the two greateſt values multiply'd 
into each other produce, 76.65, the doy- 
ble of this added to 25, the ſquare of the 
leaſt will be 178.3, by which dividing 570, 
the reſerved. product, there comes out 3.2 3 
this ſubtracted from 10, the double of the 
leaſt value, leaves 6.8 for the value re- 
quired. „ 29 7 
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PROBLEM XII. 


To find the value of an annuity upon the 15 
long ell of three lives. 


CASE I, 


If the lives be all equal, ſeek the common 
age in tab. V. and againſt it, under the pro- 
poſed rate of intereſt, will be the number of 
years purchaſe required, 


CASE H. 


If none of the ages be leſs than 10, 
nor greater than 60 years, and the difference 
between the greateſt and leaſt of them 
not more than 15 years, to twice the ſum 
of the two leaſt add the greateſt, and take 


— > Part of the ſum as a mean age. 


CASE IL 


If the difference of the greateſt and - 
leaſt values, found againſt the propoled | 


ages in tab. V. be not more than — — of 


the leaſt { then, to twice the ſum of the 
two 
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two greateſt values, add the leaſt ; taking 
my art of the {um for a mean value, 


Generally, 


Find the value anſwering to the greateſt 
of the given ages in tab. III. and the 
values correſponding to all the three ſeveral 
ages in tab. V. and let the difference of 
the two values, anſwering to the greateſt 
age, be taken and reſerved; let the ſquare 
of the greater of theſe two, be divided by 
the product of the two other remaining 
values; multiply the ſquare of the quotient 
by the reſerved difference, then this laſt 

roduct, added to the value of an annuity 
for the two youngeſt lives, will be the va- 
ue requiret. 


ExAMPLE of Cas I. 


Let the three ages be each 35 years, and 
intereſt 4 per cent, then in tab, V. againſt 
35, under 4 per cent. ſtands 17.3, for the 
number of years purchaſe required. 


EXAMPLE of Cas x II. 


Let the propoſed ages be 16, 24, and 30 
years, then will the nean age be 22 years, 
and the number of years purchaſe required 
19% 0)9vD xs 4 
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Ex AMPLE F CAsE III. 


Suppoſe the three ages to be 28, 35, and 
then the three correſponding values 
will be 18.3, 17.3, and 16.0, and there- 
fore twice the ſum of the two greater 
added to the leſſer, is 87.2, which di- 
vided by 5, quotes 17,44 for the anfwer, 


ExAMPLE of CasE IV. 


Let the given ages be 20, 36, and 
bo, and intereſt as in the preceding ex- 
amples: Here, the value found againſt 60 
years in tab. III. is 11.2, and thoſe againſt 
20, 36, and 60, in tab. V. 19.7, 17.2, 
and 12.7, reſpectively; wherefore, taking 
11.2 from 12.7, we have 1.5 for the diffe- 
rence to be reſerved: Now the ſquare of 
12.7, divided by the product of 19.7, 
and 17.2 is o. 5, the ſquare of which, 
multiply'd by 1.5, the reſerved diffe- 
rence gives 0.375; this added to 17.0, 
the value of an annuity for the two 
youngeſt lives (as determined by Caſe II. 
Prob. X.) will give 17.375, or 17.4 for the 
number of years purchaſe, which an an- 
nuity is worth upon all the three. lives. | 


R E- 
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R E MA R K. 


That the reader may not entertain any 
ſeruple concerning the exactneſs of the me- 
thods of Solution hitherto laid down, for 
eſtimating the values of annuities upon 
two or more unequal lives, I ſhall here, 
according to my promiſe, endeavour to 
make it appear, that thoſe Solutions may 
be always depended on, as very near the 
truth. In. order to this, it will be requi- 
fite to reſume the two hypotheſcs laid down 
ig Coral. II. and IV. Prob. I. wherein the 
probabilities of life are ſuppoſed in a geo- 
metrical, and in an arithmerical progreſſion ; 
and to compare the values of equal fictiti- 
ous lives, computed according to thoſe hypo- 
theſes, with the correſponding values in the 
tables, for real lives, computed from actual 
abſervations, and then to conſider from thence, 
how the values gught to differ in lives that 
are wnequal, Accordingly, let the value of 
each of the equal liyes, whether conſidered 
as =_ or fictitious, be {oppoſed equal to 
any number of years purchaſe, as 7, 8, 
2, 10, 11, 12, 13, 14, and 15, ſucceſſive- 
ly, and let the rate of intereſt be at 4 
er cent. then will the correſponding va- 
ue, of two equal joint lives; be as in the 
following little table, whereof the firſt cp- 
lumn expreſſes the value of each of the 
1 | =_. 


Annuities 2p Lives. 
fingle lives, and the ad, 3d, and 4th co- 
jumns, the value of the joint lives, accord- 


ing to obſervations, and the two foreſaid hy- 
potheſes reſpectively. | 
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Value of Value of 21; int lives, 
lis, ſpertab, b. 
iy TY 
wp 4+7 J-9 

8 | 5:4 | 46 
9 0.1 - 5˙3 
10 6.8 6.1 
11 | 7.0 6.9 
I2 8.5 7.8 
FR 9.5 8.7 
1 5 11. 5 10.6 


Value of 2 Value of 2 


joint lives, | 


per 2d hy- 
poth. | 


4D rk, 
& 0. DO = Od. 


2 — 


lives, according 


* 


— r_ 


Now, by inſpecting this table, we may 
obſerve, firſt, that the value of the joint 
to the laſt of the two hy- 
potheſes, is a ſmall matter greater than the 
value of the ſame lives, as deduced from 
real obſervations, but never by more than 


about 15 of an year's purchaſe; and ſe- 


condly, that, on the other hand, the va- 
lue of the joint lives, according to the firſt 
hypotheſis, is always leſs than the true va- 
lue deduced from obſervations, and that 


at 
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'at leaſt by _ of a year's purchaſe. Hence 
we may infer, that the probabilities of life, 
as given in the table of obſervations, do 
not come ſo near a geometric progreſſion, 
as to an arithmetic one (which, in ſome 
meaſure, appears from the table itſelf) and 
conſequently that the value of an annuity 
upon real ſives, whether equal or unequal, 
will differ little from the value derived 
from the laſt hypotheſis, but ſdmething Il 
more from the former. Let us, there- 
fore, now ſee what the differences will be, 
in two unequal joint lives, by the general rule 
before given, (in Prob. IX.) from whence 
we ſhall be enabled to judge of the exaQ- 
neſs 'of that rule. What theſe differences 
are, may be ſeen by the following table, 
which exhibits the values of the joint ji 
lives, according to each of the three fore- 
faid ways; wherein the value computed by 
the rule, compared with thoſe derived from 
the hypotheſes, appears to agree ſo exactly, 
throughout the whole table, with what has 
been above obſerved, with reſpect to the true 
value, as to ſufficiently prove, that the rule 
it ſelf muſt be very near the truth. But 
if this rule be near the truth, the two 
particular ones preceding it, muſt be ſo too, 
being ſo contrived, as to always bring out 
nearly the ſame value with the general one 
but with this difference, that, as the gener 
| | Fr one, 
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one, for the moſt part, gives the anſwer a 
little too ſmall, the firſt of theſe always 
makes it a little too great; tho neither of 
them ſcarce ever err, by more than 10 of a 


year's purchaſe. 


Fe 

| ven Oc | Value of | Value: 

I Values of the 2 — 45 8 + 

two ſingle |. f 0 joint lives, joint lives, 
| lives, Poe me“ per fit per ſecond 
er role. pech. hypoth. | 
bands 4.5 | 3.8 | 47 
6 10 | 4.8 | . 
| 6 12 $5.0 4.0 $.@ 
6 14 | 5-2 | 4-9 $4 

Q, 1:64. .4. 8-4 5.5 
8 16 1 0.0 -1: 5.3 6.2 
| 3 12 1 6.4 5.8 63; 4 
8 14 6.7 6.3 7. 0 | 
8 16 6.9 6.7 7.24 

180 17. 6.8 7.8 

Io 14 | 8.0 7-5 8.3 

10 16 | 8.4 8.1 8.7 

12 14 | 9.3 8.6 | 9.5 

12 16 | 9.9 | 9.4 | 10.1 

| 14 16 | 11.4 | 10.6 | 11.5 
7h U 1 


In 
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In the fame manner it may be made td 
appear, that the other rules for three joint 
lives, and the longeſt of two or three lives; 
are likewiſe very near the truth ; but I ſhall 
content myſelf here, with giving one or two 
inſtances, in annuities upon three joint lives, 
Let there be three equal lives, and the value 
of an annuity upon each of them 14. years 
purchaſe, and intereſt at 4 per cent. then will 
the value of the joint lives; by tab. IV. come 
out -$.3, but by the twb6 hypotheſes, 7.4, 
and 8. 55 reſpectively. Again, let the lives 
be ſuppoſed very unequal, ſo as to be worth 
6, 10, and 16 years purchaſe, then will the 
value of the joint lives be, by the general 
rule, 4. 5, but according to the hypotheſes, 


84, and 4.63; which examples, agreeing 
o well with each other, and with what has 
been aboveſaid, tend greatly to evince the 
accuracy of the rules, or, at leaſt, to ſhew 
that they are conſiſtent with the table of ob- 
ſervations. | | 2. 
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RE VERSION S. 
= P RO BI. E M XIII. 


\ O find the value of the Rog fon of one 
VI. ik another. 4 


$0LUTION. 


Hi the value of the life i in expectation, 
ſubtract the value of the two joint lives, or 
from the value of the longeſt of the two lives, 
ſubtra& the value of the life in poſſeſſion; 
the remainder, in either caſe, will be the re- 
e value of the Reverſion *. 


5 - 
* * s " 
Ce EIT * 1 1 
a * 8 — — 


This and all the ets Solutions, relating to Re- 
verſions, are univerſally true, be the probability of life what 
it will, as appears from Prob. IV. V. and VI. they being 
nothing more than the moſt uſeful Caſes of the general 
Theorems there { given. 5 


* N — . 4 


1 { + 3-4 | * 
4 q > , - 2 Www 
- F * „ E N — 


* 
% 
* 
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EXAMPLE. 


Suppoſe the age of the life in poſſeſſion 
to be 68 years, and that of the life in ex- 
peQation 11 years, and intereſt 4 per cent. 
then the values of the two joint lives, by 


Caſe IV. Prob. IX. will be 6.1, whic 
ſubtracted from 16.3, the value of the life 
in expectation, leaves 10. 2, for the value 
of the reverſion ; but if the youngeſt life 
had been in poſſeſſion, the value of the Re- 
verſion would have been only 0.6. 


PROBLEM NW. 
To find the value of the Reverfion of two 


lives after one. 


SOLUTION. 


From the value of the three lives, ſub- 
tract the value of the life in poſſeflion ; the 
remainder will be the value of the two lives 
in Reverſion. 


EXAM PL E. 


Let the age of the life in poſſeſſion be $0 
years, and thoſe of two lives in reverſion, 
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45 and 56 years, and intereſt at 4 per cent. 
then the value of the three lives, by Caſe 
II. Prob. XII. will be 15.1, from which 
ſubtracting 10. 1, the value of the life in 
poſſeſſion, there remains 5. o, for the value 
required. 


PROBLEM XV. 


To find the value 5 the Revenſon of one 


SOLUTION. 


From the value of the three lives, take 
the value of the two lives in poſſeſſion, 
there will remain the value of the life in 
reverſion. ö | ''N 


EXAMPLE. 


Su pot 18 and 26 to be the ages of the 
two lives in poſſeffion; and 32 that of the 
life in expectation, and intereſt at 4 per cent. 
then the value of the three lives, 0 Caſe II. 
Prob. „III.. will be 19.0, from which ſub- 
tracting 18.0, the 1155 of the two lives in 


poſition, there remains 1. o, for the Vas 
of the reverſion. 9 
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PROBLEM XVI. 


To find the value of the reverſion of one 
life after two joint lives. 


SOLUTION. 


From the value of the life in expecta- 
tion, ſubtract the value of the three joint 
lives, there will remain the value of the 
life in reverſion. 


EXAMPLE. 


ISS 8 e * by 


Let the age of each of the three pro- 
poſed lives, be 21 years; then the va- 
lue of the three joint lives, by Caſe I. 
Prob. XI. will be g. o, which ſubtracted 
from 14.7, the value of the life in ex- 
pectation, leaves 5.7, equal the value of 
the reverſion, when intereſt is at 4 per 
cent. T3 


* 


PR OB LEM XVII. 
"To find the value of the . reverſion of two 
Joint lives after one. 


* 


8 O- 


/ 
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* 


SOLUTION. 


From the value of the two joint lives, 
ſubtract the value of the three joint lives; 
the remainder will be the value of the 
reverſion. | 


EXAMPLE. 


Suppoſe the age of the life in poſſeſſion 
to be 16 years, and the ages of the two 
joint lives in reverſion, each 28 years; 
then the value of the two joint lives will 
be 9.9, by Caſe I. Prob. IX. and that of 
the three joint lives, 8.5, by Caſe II. 
Prob. XI. the difference of which; or 
1.4, is the value of the reverſion ; intereſt 
being 4 per cent. 


PROBLEM XVII. 
Suppoſing two perſons, A, B, to be equally 
in poſſeſſion of an annuity, which after 
the deceaſe of either of them, is to be- 
ng entirely to the ſurvivor for hfe: 


To find the value of the ſhare of each 
in that annuity, = TD 


; : g O- 


£34 
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$0LUTION, 


From the value of the life A, or B, 
ſubtract half the value of the two joint 
lives ; the remainder will be the yalne of 
the ſhare of A, or B, 8 


EXAMPLE, 


Let the age of A be 18 years, and that 
of B, 29 years, and the rate of intereſt 4 
per cent. then the value of the life A will 

be 15.2, and the value of the life B 13.2, 
from each of which ſubtracting (5. 3) half 
the value of the two joint lives, there 
will remain 9.9, and 7.9, equal to the two 


ralues required. 


PROBLEM XIX. 


A and B enjoy an annuity, ta which a thirl 
perſon,C, after the deceaſe of A, is te baut 
the fole right of poſſeſſion for life, geo 
B he then extinct; otherwiſe. it is to be equal 
divided between him and B, during thei 

Joint lives, and then ta belong entirely to C. 

or Ife, f he be the laſt ſurvivor: Toni 

be value of the right of C in that att 
ey. 8 
85 8 0 
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SOLUTION. 

From the value of the life C, ſubtract 

half the value of the two joint lives B, C, 


and from the value of the two joint lives 
A, C, ſubtract half the value of the three 


joint lives A, B, C, take this laſt remainder 


from the former, and the reſult will be the 
value ſought. | 


DEMONSTRATION. 


Let the annuity, be 1 L, 7 the rate of 


ES S 
intereſt, and a, 6, cj &c. a, b, c, &c. the 
probabilities of living 1, 2, Sc. years, as 
in the foregoing propoſitions. Now the ex- 
pectation of C, upon what he may happen 
to receive at the end of any year (ſuppoſe 
the firſt) may be conſidered in two. parts, 
as depending on two different events ; for 
firſt, if C be the only perſon of the three 
then living, of which the probability is 


c i- Xx 1—b, he will be intitled to the 


whole year's rent, or 1 L, therefore his pre- 
ſent expectation thereon, diſcount being al- 


lowed, is c 14 X 1—bX =. Secondly, he 


and B may happen to be living, and A 
2 SR only 
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only extinct, in which caſe he is to receive 
only = of 1 L; therefore, the probability 
of this being c 5 x Ia, his expectation in 
this caſe will be cb X - X _ Hence, 
by adding theſe: two values together, we 
have C N 1—4 X 1—b X - + cbX 14 * 25 


c cb ca 5 abc 


2 7 the total expec- 


tation of C, upon what he may happen 
to receive at the end of the fitſt year. 


And, from the very ſame manner of rea- 
| a FS 


ſoning, it will appear that — — 8: 


. 
11 * | £ 
ac | ADE *» 1 | | * 
＋ 2 is the value of the expecta- 


tion of C, upon what he may happen to 
receive at the end of the ſecond year, &c. 
Therefore the total expectation, or preſent 
value of all the ſums that C may happen to 
receive from time to time, ies 


c D abc 
r 2 1 r 27 
t 11 4 11! 
c cb c a a be 
—— — — —e—ñ— — — 
7 27 * ** 2 r* 5 
I UE, by Ws 
4 c cb c a abc 
—— qu _ — — — — 
75 275 75 2 5 
* 3 


But 


Kanute upon Lives: 


But (= + = 2 7 c. ) the firſt column 


towards 8 right-hand, as appears from 
Prob. I. expreſſes the value of an annuity 
upon the ray C; and the ſecond column 


(2 + = >, Cc.) half the value of the 


Fa 
ſame th upon the two joint lives 
BC, and fo on; whence the truth of the 
Solution is manifeſt. —By proceeding ac- 
cording to this method, the value. of any 
reverſion, however complicates, f be 
determined. N os | di 


R % & Df 


PROBLEM Xx. 


A, B, C, agree amon F * elves fo pur- 
chaſe an 15 . 0 be oor 7227 
between them whilſt * they live togetber, 
then to be druided equally Wh the two 
ſurvivors, ' then to” belong intirely to the 
laft ſurvivor for life : To find what each 
perſon ought to contribute | towards the 


purchaſe, 


SOLUTION. 


From the 1 of the life A take half 
the ſum of the values of the. joint lives A, 0. 
an 
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and A, C, and to the remainder add — 
of the value of the three joint lives A, B, 8 


1 : 1 


the ſum. ſhall be the value which, A ought 


to contribute and the like will hold with 
regard to the lives B and C. N 


5 0 1 8 , 
* : 
* 0 7 
e ' . 1 . 11 171 1 Ca . 
; 7 | b | J [ a ö A T 910 
F * _ SS 4H AZ Y . F « © +03 Ts 34 7 | 
. 4 ; 
* . 5 - * * 
—— — 


The expectation of A, upon what he 
may Happen to receive at the end of one 
year, may be conſider'd in four parts, 28 
depending on ſo many different events; 
for, firſt, A, B, and C, may be all living, 
the probability whereof. & 40 c, in which 
caſe he is to receive _ of the year's rent, 
or 4 cr iL thireore In expeaiion oh 
this event is . Secondly, & and B 
may be living, and C extin&t, the proba- 
bility whereof is 4 5 N 1==c, therefore on 
this event his expectation is . —. 


Thirdly, A and C may be living, and B 
extinct, on this event his expectation is 
25 - —. 'Liftly, A may be the only per- 
ſon then living, upon this the expectation 
will be, wherefore, by adding 
ls... * all 


all theſe four values into one ſum, we have 
4 . 42 be 


—— — — — + — for. the total Va» 
1 2 1 2 2 37 g 
lue of the expectation of A, upon what he 


4 
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may happen to receive at the end of the 


firſt year; from ' whence, by following the 
ſims method of reaſoning, as in the laſt 
propoſition, the truth of the Solution will 


appear evident. Ia | 

In like manner may the ſhare of A be 
determined, be the number of , perſons con- 
cerned in the pürchaſe ever ſo great, ſup- 
poſing the annuity to be always equally di- 
yided among the ſurviving lives; for let P 


expreſs the value of the life A (viz. the 


value of an aànnuity of 1: E fot the life 
of A;) Q-the ſum of the values of all 
the joint lives, ariſiiig fforh the combina- 
tion of the life A; with eaeli dhe 6f the 
other; R the ſum of the values of all the 
Joint lives, ariſing from the combination of 
the life A, with each tb df: the bther ; 
S the ſum of the values of all the joint 
lives, ariſing from tlie combination of the 
life A, with each three of the other, and 


ſo on; then wn PE + 8 4. , 


Ec. be the value which A ought to con- 


tribute, 


q 


PRO- 
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PROBLEM XXI. 
Suppofing any given i of lives P, Q. R, 


and that A, or. his Heirs, are to receive 
N the ſum 9 upon the firſt vacancy of any 
: yf Hoe lives: To find the value of A's 


expectation in preſent money. 
 $OLUTION. . 


_ - Multiply, the given ſum by the value 
of an annuity for the joint lives P, Q, R, 
and divide the. product by the value of, 
the ſame ,annuity. for ever; ſubtract _ the 
quotient from the given. ſum, and there 


will remain the value ſought, 
' DEMONSTRATION. 


Loet E be the value of an annuity for 
ever (i. e. the number of years purchaſe 
it is worth) and P the value of an annuity 
for the propoſed joint lives ; therefore, ſee- 
ing the value of the reverſion for ever, 
after the joint lives P, Q, R, to be re- 
ceived as ſoon as one of thoſe lives be- 
comes extinct, is to the ſum (8) to be 
received at the ſame time, as E to 8, the 

preſent 


* 
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preſent value of that reverſion, muſt, con- 
ſequently, be to the preſent value of this 
ſum, in the ſame ratio of E to S; but 


the preſent value of the reverſion is known 


to be E— , | therefore that of the ſum 8 
will be E * $ = 8 — =>, Q_E. D. 


EXAMPLE. 


Let the number of lives be 3, their 
ages each 27 years, the rate of intereſt 
4 per cent. and the propcſed ſum 100 I. 
then the value of an annuity for the joint 
lives being (by the table) 8 years pur- 
chaſe, and the value of an annuity for 
ever 25 years purchaſe, we ſhall, by mul- 
tiplying 100 J. by 8, and dividing the pro- 
duct by 25, have 32 J. which ſubtracted 
from 100/. will leave 68 J. for the preſent 
value of 100. to be received at the firſt 
vacancy of the three propoſed lives. 


PROBLEM XXII 


Suppofing a" given ſum 8 to be depending. 
% as not to become due till the lives 
P, Q, R, &c. are all extin# ; tit requir- 
ed to find the value.of that fum in preſent 

money. a — 1 4 ai «4 
9 O- 


** 


7 tho 0 a $34» Ts * * A N 
Hailipg N the Annuity . ceaſes, ad by ame 
Chance very nearly, to qrop in the JAſt as 
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SOLUTION. 


Multiply the given ſum by the value 
of an annuity, for the longeſt of the pro- 
poſed lives, and divide the product by the 
perpetuity ; ſubtract the quotient from the 
given ſum, and there will remain the va- 
lue required. | 

The reaſons of this Solution will appear 
evident from the method laid down. in the 
r ? 


REMARK. 


In what has been hitherto laid down, we 
have had regard to | ſuch annuities as are 
paid yearly, but if the payments are to be 
made every half year, which is moſt com- 
monly the caſe, the true value at which 
the purchaſe. is. to be eſtimated, ought. to be 
a little increaſed ;| and therefore it may not 
be improper to conſider here, how much 
that increaſe will be. In order to which, 
let E denote the perpetuity, or the value 
of an annuity for ever, and P the value 


8 


. 4 — Wr ad to? a V Gee Fa 
lives; then, fince that life, upon whoſe 


of the ſame annuity for any number of 


in the firſt half ef the year, it is manifeſt 
| n » that 
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that the : purchaſer has, in this caſe, an 
equal chance to receive half a year's rent 
more than when the annuity is paid yearly ; 
and therefore the ſum that ,ought to be al- 
low'd as fan equivalent, for this, to be paid 
upon ceaſing of the annuity, will be 4 
of a year's purchaſe, or. — L, of which 


ſum, the preſent value will, by the laſt 
Prob. be s but this is not the only 
advantage the purchaſer has in this caſe; 
for, beſifles this, he has the uſe of the 


iſt, 3d, 5th, &c. half ous rents each 
half a year; the value of which conſide- 


ration, ſince the intereſt of > L., for half 


a year, is to 1 L, the whole ſum received 
in that year, in the conſtant proportion of 
1 to 4 E, will, it is manifeſt, be to the 
preſent value (P) of all the ſums that may 
be received from time to time, in the ſame 
conſtant proportion ; and therefore is equal 


to Hp which added to — above found, 


gives — L for the whole value required. 


Hence it appears, that be the rate of in- 
tereſt and the number of liyes what they 
will, the difference of the. values of two 
equal annuities, ariſing from the rents of 
one being paid yearly, and the other half 
10475 | yearly, 
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. yearly, will, in all caſes, be = of a year's 


purchaſe; and in like manner, it will be 
found, that the difference of the values of 
two annuities, upon- account of the rents 
of the one. being paid yearly, and the other 
quarterly, will, in all caſes, be 2 of a year's 
purchaſe very nearly. 

From the ſame method of - proceeding, 
may the difference between the value of 
an annuity payable in' money, and the ya- 
lue of an eſtate in land, where the pur- 
chaſer enjoys it, by an actual poſſeſſion, 
to the laſt moments of life, be determi- 
ned; for, ſince it is an equal chance whe- 
ther the life on which the eſtate laſt de- 
pends, drops in the former or latter half 
of the year, the purchaſer may be ſuppo- 
ſed, in this caſe, to enjoy an annuity half 
a year longer, than he who is paid in money 
_ yearly, and intirely loſes the laſt payment, 
if he dies but one day before it becomes 
due; and therefore the preſent. value of 


this conſideration, by the laſt Prob. will be 


. 
F X > 3 whence it appears, that if from 


the perpetuity you ſubtract the value of an 
annuity payable in money, and divide the 
remainder by double the perpetuity, the re- 
ſult will be the parts of a year's pur- 
chaſe, expreſſing the difference of values 
egit „ 


This 
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This is true, when the value of the e- 
ſtate is to be eſtimated from the yearly 
rent it would produce, or when the poſ- 
ſeſſion for one whole year is exactly equi- 
valent to 1 L, to be received at the end of 
that year; but if the eſtate, when let, will 


bring in = L every half year, then there 


being the advantage of the intereſt of the 
iſt, 3d, 5th, &c. payments, for half a 


year each, the value 5 2 above found, 


ought to de increaſed by _ which will 


ES P | 
bring it to 5 _ for the difference 
required here, which in moſt real caſes 


will be = 1 of a year's purchaſe very near. 


Hence we may conclude, that if to the 
value of the annuity, as found in the ta- 


bles, be added 74 of a year's purchaſe, 
when the rents are to be paid half-yearly, 
or 2 of a year's purchaſe when they are 


to be paid quarterly, or the purchaſe is in 
land; the ſum will give the value of the 
annuity in thoſe caſes reſpectively. 


G = PR O- 
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PROBLEM XXIII. 


T * is an eſtate, which, if A, the preſent 
2717 happens to die in @ given time, 
efore he attains to a certain age, ts 
e to belong to B, and his heirs 
Jer ever; to find the value of Bs ex- 
pettation. SY 


SOLUTION, 
ay 

The expectation of B may be conſidered 
in two parts, one with regard to what he 
may receive during the propoſed term, and 
the other with regard to what he may re- 
ceive after that term is expired; the for- 
mer of which, as all the rents that become 
due in that term, will belong either to him 
or A, mult, it is manifeſt, be equal to the 
difference between the ie of an an- 
muity certain for (a) the number of years 
in the ſaid term, and the value of ano- 
ther equal annuity for the ſame number 
of years, as depending on the contingency 
of A's continuing alive to the end of that 
time; but the latter part of B's expectation, 
fince the whole eſtate is to belong to him 
and his heirs for ever, if A ſhould happen 
to be extinct at the end of the aforeſaid 
den 
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term, will be the value of the perpetuity 
to be received ꝝ years hence, multiply d 
by the probability of A's not living to the 
end of that time; wherefore, if this pro- 
bability be denoted. by P, the perpetuity 
by E, and the preſent value of , L, due 
n years hence, by mn, and 7, a, a, a, Ge. 
be ſuppoſed as in the preceding propoſitions, 
it is evident from what has been aboveſaid, 
that p m E | | 


73 7 7 7 
Mt n 11 „in 
— 2 8 £ — - e 
— — wo {CO —Goa_ 22 _ — — — æ— 
7 * rn * 7 = , 
| Re 
1— 
or m E c 
, 5 + yp 5 
f 75 It 
a a a a 
r 1* 75 = Se. 


will be the total value of B's expectation; 
where each ſeries is to be continued to as 
many terms, as there are units in 2. But 
as the finding and adding together thoſe 
terms, when their number is great, may 
ſeem to require too much labour for com- 
mon practice, I have deduced the follow- 
ing rule therefrom; which, being applica- 
ble to the tables, gives the true anſwer 
without any great trouble. ee 


G 2 RULE. 
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R U L E. 

From the perpetuity ſubtract the value 
of a life of that age, to which the expec- 
tation of B is limited, and multiply the 
remainder by the probability that A lives 
to that age, and this product again, by the 
preſent value of 1 L, to be received at the 
end of the given term; to this laſt product 
add the value of the life A, in poſſeſſion, 


and take the ſum from the perpetuity, and 
there will remain the value required. 


EXAMPLE. 


Let the age of A be 8 years, and intereſt 
at 5 per cent. and let B be entitled to an 
eſtate for himſelf and heirs for ever, upon 
the deceaſe of A, if A ſhould happen to die 
before he attains to twenty-one ; then the 
value of a life of twenty-one will be 12.9, 
which taken from 20, the perpetuity leaves 
7.1, this multiply'd by 435, the probability 
of a perſon of the age of 8 living to 21, 
gives 5.97, Which multiply'd by o. 53, the 
protons value of 1 L to be received x, years 

ence, will be 3.16, this added to 14.3. 
the value of the life A, giyes 17.46, which 
ſum, 


W = W wwz3 v5 wm 
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ſam, deducted from the perpetuity, leaves 
2.54, for the value of B's expectation, 


which 1s little more than 2 = year's pur- 
chaſe. 


PROBLEM XXIV. 


Q exßects an eſtate for himſelf and heirs 
for ever, after the extinction of a gt- 
ven number of lives A, B, C, provided 
this happens in a given number (n) of 
years; to find at how much the value 
of Q's expectation is to be eſtimated. 

4 | 


SOLUTION, 


Let every thing be as in the preceding 
problem, only let P here denote the 
probability that all the lives A, B, C, &c. 
drop in 2 years; then by following the 
very ſame method of reaſoning, there 
laid down, it will appear that p m E 


- 


I=—a X I—b Xx Ic - I—@XI—bXI—c 
+ mp” al Sc. +- , | 77 —, Ec. 


— 


———— —— 


UL I 11 | eld 
L, Ge. will be the true va- 


15 
G 3 lue 
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lue of B's expectation ; where the ſeries ix 
to be continued to z terms. 


Note, the foregoing feries, in caſe of two 
or three lives, might be referred to the ta- 
bles, as that in the laſt Problem was ; but 
the Advantage gained thereby, in computa» 
tion, would not be ſo conſiderable, 


O F 
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O F 


SUCCESSIVE LIVES. 


PROBLEM XXV. 


Uppoſing A to enjoy an annuity for life, 
and at his deceaſe to bave the nomi- 
nation of a Succeſſor, who is hkewiſe to 
enjoy the annuity for his life; to find the 
preſent value of the two Succeſſive Lives, 


SOLUTION. 


Let the value of the life A, in poſſeſſion, 
be denoted by P; and let the life to be 
put in nomination, at the deceaſe of A, 


be ſuch, that the value of an annuity 

F granted thereon, may be equal to Q, and 
let D be the required value of the two 
lives, and E the value of the annuity for 

"WW <> ever, 
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E---- . 
ever, and let , a, a, a, &c. be as in the pre- 
cediog propoſitions. Therefore, ſince the 
probability that the firſt life fails, or that 
the ſecond comes into poſſeſſion, the firſt 
year is 1-4; and as the total value of 
what the ſecond life will be entitled to at 
the happening of this event, is Q, the 
expectation on the ſecond, upon the con- 
tingency of coming into poſſeſſion the 


firſt year, will, it is evident, be 1—a x Q, 
Moreover, becauſe the probability that the 


ſecond life comes into poſſeſſion the ſecond 


year is 2— 42, the expectation on the whole 
value of the annuity, upon the probability 
of entering into poſſeſſion the ſecond year, 
(diſcount for one year being allow'd) will be 


on” 


— Xx Q. And after the ſame manner will 


the expectations, upon the 3d, 4th, th, &c. 
een ee e, oy, Ge, cs, 


a—axQ a—axQ a—axQ 
years, appear to be r -. FT 


Sc. reſpectively; thereſore the ſum of all 


1 M 


. INF. a @; 0 a 
theſe, or QX 1+ 58 75 * I A Ge. 


3 


ei. 10 359.390), SIT} 87-3 8 WI 
„ende a a a a | Fa 
—QxX a + * + 75 n Sc. muſk 


DIS A233; 163 . | n, 
be equal to (D—P) the preſent, 7gtal, 1 
1 7 * \ v7 N ; | | 4 | ue 


ON *. «wt 
© 
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jue of the ſecond life. But - + = * 5 
Ge. is the value of the life A; where- 
1 


fore, by writing P inſtead of — + . Ge. 
we have Q X 1 + P—Q x r P=D—P, and 


conſequently D = P + 2—7— — IX PQ 
=P + Q— . whence it appears, that 


if from the Fa of the values of the two 
ſingle lives be taken their product, divided 
by the perpetuity, the remainder will be 
the value of the two lives in ſucceſſion, 


QE. I. 
Otherwiſe, 


Since the value of the ſecond life in ſuc- 
ceſſion, to be received at the deceaſe of A, 
is to the value of the reverſion for ever, 
to be received at the ſame time, in the 
ratio of Q to E, the preſent value of the 
former of theſe will be to the preſent va- 
jue of the latter in the ſame ratio; but the 
preſent value of the latter, or of the re- 
verſion for ever after the life of A, is given 
equal to E——P; therefore the preſent va- 


lue of the former, will be equal to T 


Xx E-P=Q X1— . which being added 
to P, the preſent value of the life A, gives 
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P w_ Q — . the very ſame as Was before 
determined. 


EXAMPLE. 


Let the preſent value of the life A, in 
poſſeſſion, be equal to 11.2 years pur- 
chaſe, and let the life put in nomination 
at the deceaſe of A, be worth 16.3 years 
purchaſe, and the value of an annuity for 
ever, equal to 25 years purchaſe ; then the 
ſum of the values of the two lives will be 
27.5, and their product 182.56 ; this laſt 
divided by 25, the value of the perpetuity, 
gives 7.3, which being ſubtracted from 
27.5, there will remain 20.2, for the va- 
lue of the two Succeſſive Lives. | 


PROBLEM Xxvl. 


Three lives A, B, C, being given in ſuc- 
 Ceffion; to find their preſent value. 


 $OLUTION. 


Let the values of the three lives, conſi - 
dered as independent of each other, be re- 
| | ſpectively 
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ſpectively denoted by P, Q, R, and let E 


be the value of an annuity for ever. There- 
fore, ſince the preſent value of the two firſt 
lives in ſucceſſion (A and B) is, by the laſt 


Problem, equal to P＋ Q — 8 the value 


of the reverſion of the annuity for ever, 
after theſe two lives, will be E — P—EQ 
+ 2 - and therefore, from the ſame me- 
thod of reaſoning as in the preceding Pro- 
blem, it will be as E: R:: E- P—- Q 


PQ PR — RQ I PQR 
1 eee e 


— 


R X 1 — * * 1 — 5 the preſent value of 
the third life; this therefore added to 
P+Q — * 6 the value of the two firſt, 


gives P- QR L 


E E 
8 8 R 
E into 1 —1—+XI—FXI—T 


for the required value of the three ſuc- 
ceſſive lives; from whence the value of 
any number of lives in ſacceflion, may 
be derived by infpection; and thence the 
following general Rule. 5 4 
Multiply the value of each of the pro- 


poſed lives by the intereſt of x L for one 


year, taking the ſeveral products from 
unity, and multiplying together all the 


remainders, let the product thus arifing be 


19 alſo 
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alſo taken from unity, and the remainder 
multiply'd into the value of the annuity 
for ever; then will the reſult be the va- 
lue of an annuity for all the ſucceſſive 
lives, | 


EXAMPLE. 


Let there be three lives given in ſuc- 
ceſſion, whoſe values ſeparately conſider'd, 
are reſpectively equal to 8, 10, and 15 years 
purchaſe, and let intereſt be at 4 per cent, 
then the ſeveral given values, multiply'd by 
0.04, will be 0.32, 0.4, and 0.0 ; theſe ſe- 
verally ſubtracted from unity, leave 0.68, 
©.6, and 0.4, whoſe product 0.1632 being 
taken from unity, there will remain 0.8 368, 
and this multiply'd by 25, the perpetuity, 
gives 20.92 for the preſent value of the 
three lives, 


PROBLEM XXVII. 


Suppoſing A to purchaſe an eſtate, in copy- 
Hold, upon any number of lives P, Q. 
R, 8, for the ſum b, on condition that 
be and his heirs ſhall renew it conti- 
nually, whenever any hfe becomes vacant, 
the ſum c; to find the preſent value 


"of the whole purchaſe allow'd for that 
 eftate, $ | CYL, 33.08.60] 8 0. 
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'$OLUTION. 


Let the values of the lives FP, R, i. 
upon which the leaſe is firſt granted, be 
P. 4, r., Sc. and e the perpetuity, and let 


the values of the lives (P, P, P, Ge. ) which 
follow in a direct ſucceſſion from P, be de- 


„ % 


noted by b. P. P. Sc. and thoſe of the 
lives (Q. Q, Q, Sc.) following i in a direct 


3 


ſucceſſion from Q, by 7, 7. J. Sc. re- 
ſpectively, and ſo on, with regard to the 
1 of the * R, = T; then it will be 


Tx er 7 x 1 — E, the preſent value of 
the life p (by Prob. XXV. to cXI— A 


7 
the preſent value of the ſum (e) to be paid, 
at the deceaſe of P, os. the nomination of 


the new life P; and 3s þ: 1: x1 wa 


5 


* 1— E 2 the preſent value of the life 


P (by Prob. XXVI. ) to cx 1 1 — fs 1 — 2 
the preſent value of the ſum (0 to be as 
upon the deceaſe of P, or the nomination 


of P, the next life in this ſucceſſion: And i 2 
the 
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the ſame manner will the preſent values of 
the ſums to be paid at the nomination of 


n 


the lives P, P, Sc. be found cX 1 — L 


— —— — 


— Cy 


— 


&/ L ä | / 
X 1 — £x 1— E, and eK 1&1 wich 


W 
* 1— EXx1— E, Se. But the ſum of 
* — — 5 
all theſe, or c x 1 — ETX 1— 2 
EY, N 
K en 


Sc. continued in infinitum, is the preſent 
value of all the ſums that may be paid 
from time to time, for the renewals of all 
the lives in this ſucceſſion; and from the 
ſame way of reaſoning, the preſent value 
of all the ſums, that may be paid for the 


renewals of all the lives in the ſucceſſions 


Q, Q, Q, Ge. R. R, R, Fe. Se. Will 


appear to be e x 1 ern 


—ů——ů 


0 L 
exi- 4x I — * 1— 4, &c. and 


— —— 


— / — 
COX I = —FOXI=—XI= = + OX === 


** — * 21 => Ge. &c. reſpectively. 
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Therefore, if to the ſum of all theſe, the 
value &, paid at entring be added, the 2 


gregate, b + cx1 —£ + n 


—— | / 


7 
71 ZX 1— 2 X 1 — 2 Se. + 


* 1 — =, Ve. Ve, will, it is evident, be the 


preſent N value of all that A and his 


heirs may pay for the enjoyment of the 
eſtate for ever. Q. E. I. 


COROLLARY I. 


Hence, if the lives wich which the 
leaſe is filled up from time to time, 
be equal to one another, the general ex- 


preflion will -become 5 N e 1 — 2 * 


—— 


— 


. 2 ways wk — 73 | | 
14 1 2 ++ &c. 


% 
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+ox1—L X 1 1 — Ze 1b 1—2, . 
WP 2 
which therefore, becauſe 1 + 1 + = 


i. 


"> 3 


11274 1 Se. 1$ 


equal to , will become 4 + * xe —þ 
33 3 
+HSe—g+e—r, Se. 


COROLLARY II. 


But if all the lives, as well thoſe upon 
which the leaſe is firſt granted, as thoſe 
put into nomination afterwards, be equal to 
each other, the value allowed for the whole 


purchaſe will be 5 + — x 1 


SOROLY SET III. 


— 


Laſtly, if b 44 cx 


* —— — e — 
.: — 


be. hexr—L+1=Lx1—L, G. 
Go. be taken e, we ſhall ave! fn 


6b 


: 
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3 


8 —— 
— * ä — — — 


— — — — 
* 1 F 1 
— ͤ w— — / — 


U 
-A- A-, Se. — 


Sc. hewing the true value that * and his 
heirs ought in juſtice to pay at each re- 
newal ; which value, when the lives re- 
newed with are any equal, will therefore be 


—ůů— 


A 7 
N F e—r F „ Or. 

The above Cordllaries, expreſſed in words 
at length, afford the following practical 
Rules. 


1. Subtract the ſum of the values of all 
the lives, upon which the leaſe is firſt grant- 
ed, from the perpetuity multiply'd by the 
number of thoſe lives, and divide the re- 
mainder by the value of one of the equal 
lives, with which the leaſe is from time to 
time to be renewed, and multiply the quo- 
tient by the ſum agreed upon to be paid 
for renewing, and the product will be the 
preſent value of all the ſams that may be 
paid for all the renewals for ever; which 
added to the value paid at firſt entring will 
give the total value of the purchaſe... bas 
af; Multiply. the rent a one year by the 
5 0 value of all the ſums that may be 
2 = renewals . N as aboye) and 5 
vide the product by erpetuity, 
oy quotient will be, the fa by Which the 
| '. N tent 
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rent-roll of the firſt proprietor's. eſtate, 
ought to be increaſed upon account of ſuch 
renewals. 


III. Take the difference between the 
value paid upon firſt entering, and the per- 
petuity, and multiply it by the value of one 
of the equal lives, with which the leaſe 
is to be conſtantly renewed, divide the 
product by the. exceſs of the rectangle of the 
perpetuity into the given number of lives, 
bove the ſum of the values of all thoſe 
lives, and the quotient will be the ſum, 
which, in juſtice, ought to be conſtantly 
paid for renewing. 


8 


et+5, | 8 
EXAMP L E. 


Let the propoſed eſtate be 100 J. per 
annum, and the number of lives upon which 
the leaſe is granted be 3, and let their va- 
lues, ſeparately conſidered, be worth 10, 
12, and 15 years purchaſe; let the ſum 
paid upon entring be 1600 J. and that for 
Tenewing 400 J. and intereſt at 4 per cent. 
and ſuppoſe the purchaſer to have the li- 
berty of renewing with lives of what ages 
he ſhall: think proper, or moſt. to his own 
advantage. 
Then the ſum of the values of the thiree 
Aves will be 37 years purchaſe,' which. ta- 
ken from & 5, three times the perpetuity, 


leaves 
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leaves 38 years purchaſe; but the greateſt 
value of an annuity for one ſingle lile (at 
4 per cent.) is, by the table 16.4; where- 
fore, dividing 38 by 16.4, we have 2.317, 
which multiply'd by 4, the number of 
years purchaſe paid for each renewal, gives 
9.268 years purchaſe, or 926/7. 16s. for the 
preſent value of all the ſums that may be 
paid from time to time for renewing ; 
therefore 2526/7. 164. is the whole value 
of the purchaſe; from whence it will be 
found that the ſum by which the rent- 
roll of the eſtate of the firſt proprietor, 
_ ought to be increaſed upon account of thoſe * 
renewals, is 37/7. 1s. and that 388 J. 65. is 
the ſum that ought to be paid, in juſtice, 
Wee 8 


. 


100 Of the Vattarton of 


= * ' - 
| - 


REVERSIONS, 


WHERE THE 


Exp ectation depends upon the Pig 
[ability of one particular Life, in 
poſſeſſion, ſurviving the reſt. | 


L EMMA I. 
b HE ages of two perſons A and B 
being given; to determine from the | 


table 3 Obfervatiens, the probability which Wi 
each of them has to ſurvive the other. 


Let QO repreſent the whole extent of 
life, continued from the inſtant of birth at 
Q, to the extremity of old age at O; and let 


QA, and QB, be the given ages of A and B, 


and QA and QB any other two corre- 
ſponding ages to which they have a chance 
of attaining ; and let 5540 be a curve, 


whoſe ordinates B 3, B b, A a, &c. repre- 


ſent the numbers of perſons anſwering, in WW 
the table of Obſervations, to thoſe ages; 


"gen £q as near as poſſible to Bb, and 
Am 
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A 7 a to B C, and q2 parallel to QO: 
put A l, A Bb=6b, b 2=b, and 
12 An x and ſuppoſe A, if he be the 


ſurvivor, to receive the ſum 8. Then will 
the probability of his receiving that ſum, du- 


ting the interval A m, be compounded of 
the probability of his attaining to the age 


Q A, and that of B's dying in the corre- 
ſponding interval B c, of which the former 
being 7 and the latter — the com- 
"TI 

pound of both muſt conſequently be £, 


Let this value, therefore, be defined (every 
P | 


| 
| 


TT %%% „ „ Fa) 
7 Ly 


— 


102 Of the VaLVATION of 
where) by an -afea Ann FA, ſuppoſing 
E F O to be a curve, whoſe whole area 
AO E A expreſſes the probability that A 


receives the ſum 8 ſome time during the 
whole interval AO; then by dividing 


t | | ; 
2 by * (=Am) we ſhall have AP 


( 


ab 
abx Ja 
curve; from which, by a known method 
for approximating the areas of curves, by 
means of equidiſtant ordinates, may the 
area AO E A be determined; which area, 
as it expreſſes the probability that A lives 
to receive the ſum 8, muſt alſo expreſs the 
probability that he out- lives B. Suppoſe, 
for inſtance, the age of A to be 40 year 
and that of B 30 years, and ſuppoſe the 
interval A O (which may, with all the 
exactneſs here requiſite, be confined to 50 
years) to be divided into 5 equal parts at tht 
5 | 


for the general equation. of this 


points A, g, B, i; then will the ſuccefliv 
* | / 
values of a, anſwering to theſe ſeveral age 


QA, QA,Q &,Q 4, &c. according 
to the table, be found 294, 204, 130 
Sc. and the decrements of life, again 
| (30, 40, 50, 60, 70, and 80 years) the 
correſponding ages of B, equal to q, 19 

8, 7, 5, and 3 reſpectively; en l 


will be, as 1 year, to the time (Bc) x:1 


ſo is Q, IO, 8, Or 7 Se . the decr emen 


tf. 


2 * „ a FS 


* 
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in one year, to gx, 10x, 8x, or 7 x, &c, 


the decrement in the time x very near; 


which values, therefore, with thoſe above, 


being ſucceſſively wrote for þ and 2, in the 


ab 


general exprethon 727 the ordinates A E, 


o 

AF, gG, Sc. will, in this caſe, come out 
294X9 204 XK 10 1308 n 
204 385 294 385 294 385 294 385 294x 385” 


OX 3 . I 
and IEF" reſpectively : therefore the va 


lue of the mean ordinate will here be 
— 29999. = 0.008905, which multi- 
plied by AO = go, gives 0.44525 for the 
required probability of A ſurviving B; 


'whence the probability of the contrary, 


that B ſurvives A, will be 1—0.44525 = 
0.554751 
Note. That a mean, from a given num- 


ber of ordinates, may be had by the fol- 
lowing theorems, where a, 6, c, &c. de- 


note the -given ordinates ranged according 


to-order, and mz is the mean ordinate Cor» 
reſponding. 


a+4b+c . b+ 3c+d __- 
3. = T 4. * 2 8 . "== , 


5. 747325 + 12c 43244 72 


= MN 


go 
6 Iga+75b + goc+50d + 75e + i9f 3 * 
7 


| 288 
41@+216b+27c+272d+27e+216/+41g __ 
F 840 . | 


m 
P R Q- 
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PROBLEM XXVIII. 


A and B are in joint foſeſſion of an an- 
nutty ; which, if A be the longer Iver, 
7s, after both lives are extintt, to belong 
to C and his heirs for ever : To rel 2 
preſent value of the expetlation of C. 
hat annuity, 


From the value of the annuity for ever, 
ſubtract the value of the two lives in poſ⸗ 
ſeſſion, and multiply the remainder by the 
probability of A ſurviving B (found by the 
preceding Lemma) and the product will be 
the value required, 

For fince the value of the N 
which and his heirs expect, did it not 

depend on A's ſurviving B, would be the 

. = of the value of the annuity for ever, 
above the value of the two lives A and B, 

that exceſs multiply'd by the probability.of 

A ſurviving, muſt conſequently be the true 


value of the reverſion, ng for that 
contingenęy. 


* 
- . 
- * 4* LES 


2 * 0 
2 . : 0 a . 
1 ” . 
— 
4 ? 8:3 
"Ss + * — „ „1 * e o "IT 2 i 'E * 
od - 
% - 
7 
* 
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EXAMPLE, 


Let the age of A be 40, that of B 30, 
and intereſt of money at 4 per cent. then 
the value of the two lives A and B will be 
15.8 years purchaſe (by Caſe II. Prob. X.) 
pick taken from' 25 years purchaſe, the 
value of the annuity for ever, there will 
remain 9.2, and. this multzply'd by 0.445, 


the probability of A ſurviving B, gives 4. 1 


for the number of years purchaſe re- 
quired, | 5 


There are three perſons A, B, C, the tuo Ar- 
mer of whom A, B, enjoy an annutty between 
them, which annuity, if A ſurvives B, 


7s afterwerds to belang equally to A and C, 


during their joint continuance, and then 
mtirely to C for life, if he be the loft 
ſurvivar; to find the value of C's ex- 
peftation on that annutty. 


SOLUTION, 


" Take the exceſs of the value of the three 
lives A, B, C, above the value of the two 
lives A, B, and alſo the exceſs of the * 

| 2 ue 


rob Of the Varuario of 

lue of the two joint lives A, C, above that 
of the three Fo lives A, B, E; multiply 
the former of them by the probability that 
A ſurviyes B, and to the product add half 
the latter, and the ſum thus ariſing will be 
the true value of C's expectation. 

For ſince the firſt af the abovementioned 
exceſſes would be the preſent value of all 
the rents that C might. receive after the 
deceaſe of A and B, was not that value to 
depend on A's ſurviving B, the true value 
of thoſe rents, allowing for that contin- 
gency, muſt be the product of that exceſ,, 
by the probability of A ſurviving B: there- 
fore, as the latter of thoſe exceſſes is (by 
Prob, V.) double the value of all the 
other rents that he may receive, during i 
the joint continuance of himſelf and A, the 
ſolution is manifeſt, 


LEMMA III. 


The ages of any number of perſons R, A, B, 
C, D, Sc. being given; to find the pro- 
bability that any one of them, pitch'd oo 
as R, foals ſurvive the reſi, 


Let QO repreſent the whole term \ of 
life, continued from the time of birth 21 
Q to the extremity of old age at O; and 


let QR, QA, QB, QC, Se. be the 
e of R, W. G. C, Ce. rene 


Iy, 
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ly. and QR, QA, B, C, Sc. an 
Shes contemporary ky QF, & Per 
rſons have a chance of living; let PSO 
« a curve whoſe ordinates Cc, RS, Bb, 
&c. every where expreſs the numbers of 
perſons, in the table of Obſervations, an- 
ſwering to the correſponding ages QC, 
QR, QB, Sc. let 27 be as near as can 


be to As and AB, B 2. Rn, Cg. Se. 
all equal to one another, and let P 2, 43, 
and 75, Sc. be parallel to . Put RS 


except R; and for the like reaſons it will 
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S R= r, Raa, Ac g, Aa= ay 
82=4; 541. B&=6, b3=6, Cee, 


Come 7 45 =&, Sc. and let R, in caſe he 
be the laſt ſurvivor, be intitled to receive 
the ſum 8; then will the probability of his 


receiving that ſum, in the interval R, 
depend upon theſe events; firſt, that he 


attains to the age QR; | ſecondly, chat 
only 2 of the other poſes ſhall She 
remain alive; and laſtly, that this perſon 
ſhall alſo go out of being, during that in- 


terval ; wherefore, ſince the probability that 
all the lives, GON and A, are n before 


/ 
that time 1s 275 X I „ . and 


that of A dying in the ſaid interval, equal 


to as it is manifeſt that 754 * = K 


I 7 | 


CG 2 Se. will be that part of the 


probability of R's receiving the ſum 8, in 
the foreſaid interval, which depends upon 
the chance of A's being the laſt ſurvivor, | 


appear, that the other parts of that pro- 
bability, depending upon the chance of 
B, C, D, Sc. 1 the laſt turyavos but 


R, will be N x1 1 . &c. 


and 
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f . ö U 
7 c aq b—b d—d 
ö 
teſpectively; therefore the ſum of all theſe, 
ene! e e 
or its equal * 7 = —— 7 = 
. bh — dd 
| 2 "i ES, 6 — 
Ge. by putting Þ => RX K N == 
Sc. will be the whole probability of re- 
ceiving the faid fum during that interval. 
Let this probability be, every where, re- 
1 2 a 
preſented by the area Rn E R, ſuppoſing 
FO to be a curve, whoſe whole area 
RE OR expreſſes the probability that R 
receives the ſum 8, ſometime. 0 a the 


whole interval K O, or furvives ; $ the 
widing 


other perſons A; B; C; then by 


"Mi A 1 OY - =. HA. HED : 
(RA) we ſhall hae K F = + x 


IH 


8 


— FR * — 
. * 


a JJ. ³ alata : TING 
/ + / +- al +* Pr. i S 17 1 or the 


2 


general equation of this curve; from which, 
by the methbd and theofems: laid down in 
Lemma II. the area REO R, and conſe- 
quently the probability expreſſed thereby, 
may be determined. 
eee e215390, aden toling, 


1 9 ws fs 
1 1 N F P d p Z . 1 1 77 
„ - 1 o * S e. 2 * 


W=— — — — — ͤ — ER 


- rabcd, &c. 
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_ COROLLARY, 
If the probability of life be conſidered 


as decteaſing unifortaly, then will P $ 0 
— p * 4 * 7 5 
become 4 right-line, and 2— 2, bb, 9 


Sc. as allo 4, b, c, Ge. equal to each 

other; therefore, by putting a—a=2, a=2, 

and 7 the whole number of perſons given, 

the probability of receiving the ſum 8 in 
/ 


the interval R mn, will be defined by 

— X r 2 2mm ; whoſe flu- 
ent (after proper correction) will, when 
cer, be ———-- multiply'd into the two 


— 


. | 83 2— 1 q — , —2 
following ſeries c TAX - 

75 — ; 72— 5 * My — —_ 
+7rabXc 2 3 Trab = F 
py er WR | I D — 1 | =] 

x2 n—ixXaxb*—! 7) 
Ge. — m__ — F * 
7 3 1—1 
TR: F — — 
. Ob" 
— — — — — 
= —2 


* 


13 


— Se. whete 


—_— aber Fi dare? HOP 


— — 


each ſeries is to be continued to as many 
terms, as will expreſs the place which the 
perſon propoſed obtains, reckoning accord- 
ing to ſeniority, provided that perſon be * | 


| 
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* 


the youngeſt of all, in which caſe, one term 
leſs than that number is to be taken. But 
the fluent thus found, is the required pro- 
bability of ſurvivorſhip, according to the 
above hypotheſis, and, with a little cor- 
rection, will ſerve ſufficiently near in real 
caſes. | 


PROBLEM XXX. 


To determine the value of a reverfion for 
ever, after any number of lives A, B, C, 
&c. upon the contingency of one particu- 
lar life A being the laſt ſurvivor. 


SOLUTION. 


From the value of the annuity for ever 
ſubtra& the value of all the given lives, and 
multiply the remainder by the probability 
that A is the laſt ſurvivor (found by the 
above Lemma) and the product will be the 
value required; which will appear manifeſt 
from the reaſons already laid down in the 
two preceding problems. 


Ji © _ =. 
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4211 K wing ths pre ſt they 
one pound, to * at the end of thy 

| number 0 of year 5 not excerdmy 90, Adiſcvuni. 

ing at the rates of 5, 4; * 3 per cert. 
compound intereſt. 


2 — 


, © -P P . 
— 


xr ſat 4 per 


| Yaſs 


cent. 


TX" ITY 


9615 


924³ 
88 


| 


at 3 per 
cent. 


. 9709 
9420 
913 1 
| 8885 
. 862612 


Value 


21 
22 
23 


24 


25 


27 


at 5 Per 


|” cert. 
8 


—— 


| 


NT PEE 


3589 
3418 


+3255 
3100 


2 


7500 4375 
| 


.2678 
2551 
2429 


3002314 


— 


2204 


2099 
992 
1903 
3 


1926 


.1644 
1866 


1491 


1420 


Value | 


Value 
at 4 per 


cent. 


4057 
3901 
3757 


— — 


3607 
3468 


3335 437 
32060-4245 


3083 
2965 
2851]. 
2741 
2636 
2534 
2437 
2343 


2253 
2166 


2083 


RF 
43880 


9 3600 


Value 
at 3 per 


cent. 


3370 
32¹9 
5067 
4919 
| +4770 


4637 
+4 502 


4371 


| .4000 
3883 
«3770 


+3553 
«3450 
. +3350 
+3252 
3158 
3 


— . | 


— 


Annuities upon Lives. 


113 


* 


Value | Value 
at 4 perjat 3 per 
nat. 


— 


1288 
1227 


1113 


1353 2003 
1926 
18526 
1169 1324 2724.69 


1712 


» 


Value 


2 0 


_— CO 


| -0329 


at 5 
cent. 


0380 
0362 
+0345 


0399] 


— — 


.0751 
0722 


069 
0668 
0642 


101 


091 


9610 
0872] . 


1583 


2420 


2349 
| +2261 


106 1646.26) I 
2493/72 


73 


0313 
0298 
0284 


oa 50 
0237 


0617 
8594 
0571 


0549 
0828 


— — 


0717 
0683 


27 1353 
07911301 
07631 1281 


1203 


11661968 


| 


11124 


1069 


10280 
0989 
gg 16 


* 
CCD 
—— 


2215 


215077 


2087 
2027 


78 


0245 
0233 
0222 
0212 
0202 


0508 
· 488 
0469 
0451 
+0434 


0417 . og 
0401 


1421 
1380 
1340 
1301 
1263 


1226 


1190 


1122 
1089 


1027 


0968 


1156 


1056 


9997 


Value Value | Value | | 
at 4 per at 3 per 
| 1 ent 


— ets. Ae. 
- 
o 


.0940 


a. 


0371 


03571 


.0386| . 


0835 


— 


| 


+0440] 0813 . 
0419 0781 . 


0343 
033 


0317 


03054 


0293 


oy 


0787 
0764 


| 


1 


2 


1. 


* 
P - 


| 
1 
| 
1 


| 


—— „— 


4 | 
—ͤ — 
. * 
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ATABLE ſoewing che Safin oaks of 

an annuity of one pound for any number of 
years, not exceeding go, when inter ref is at 
5» 4» and nn 


— 


q * 


ft | 
Value NE Value Value 
44 2 3 per ol Foo, 


— _—_ 


ent. 


112.82 114.029 
22013. 163014.481 
23013.488014.8 5716.44. 
2413.799]15-247|16.93 
25114.094\1 5.622[17.413 


——_ —__._.u ww —  c 


5-497 2614-374 13.983 
6. 14.643|16:329 18. 327 

7.020|28114.898|16:663118:764| 
7.786291 3. 14101 6.98419. 188 
53003 2.37 4 292.19. be | 


+790) 9.253031 15.593 17 588.0. oe 
9.385] 9.9543 201.8031). 873 20. 35 
985/10. 6 3303 301 6.00218. 148020. 766 
11.290134/16.193]18.411]21.1 
11.938]35|16.374|18. 665] 21 47 
[11.652[12.561136116.547| 18. 908ʃa 1.832 
12.166013. 166037167 1119.714202 2.167 
12.659[13.753|38[16.868[19.368[22.492 
13-134/14-324[39117.017/19.584|2 2.808 
13-59 14.877140117.159[19-793f 793]23-115 


— — 
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17.880 20,885 
I7.981|21.04 2 
18.077|21.195 


18.169]21.341 
18.2862 1.482 


18.3392 1.61 ; 
18.41802 1.74726. 
18.4932 1.873026. 


17. 423 20.18 23.701167 
12 546020. "371 2 3.982108 


23.122 


19.2392 3.194028 
23.263 
0.33 
353.39. 


— — 


23.456 


119.404[23.516 
19-432123+573 
19.4590 3.628 


19.485|2 3.680 
4 — —— 
[19-509123-7 311-9- 
19.53 312 3.780 
8119.555123.827 


—""— 4 mm „ a—_—_ 


18.5652 1.993026. 57602 3.872 
18.63 3022.109026. 19.9602 3.915 
18.698022. 220026. 9608 109.6132 3.937 
18.760 z2.3 2727.11 19-034123-997 
58118.8191]22.430[27.331j83|19.652/24.030 
18.876[22.5281[27.506[8419.668|24.07 3 
18. 92922 * 25 , 19.684124-108 
lig. 980]: 22. 715 27.840 19.699024. 143030. 
19.029022. 8030 Z 8. 008 719.7134. 176030. 786 
19. 075122.887[28.156188|19.727|24.207]30.86 
19.119022. 968 28. 306 19.740024. on 30.932 
[79-7 261 23. 408.456 19.732 24. 26 7 31-002 


TIO 


Value Value N 
aps 7 HL [5 Per 


— an 1. 


„ tt. ita. Md _ wc * 
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ATABLE ſhewing the difference of va- 
lues of- an annuity Fr life, at the rates of 


3+, and 4+ per cent. intereſt. 


Valde of 


—— 


2 — » 


8 


3 


* 


| 


Diff. of Diff. of va-| 
an Annuity values at4and| lues at 4 and | 
| at 4 per cent. | 4+ per cent. | 3+ per cent. 
| | 
6 | 0-2 | 0-2 | 

MES | o. 2 0.2 
8 0.3 0.3 | 

9 0.4 o. 5 

10 0. 5 0.6 
—— — — — 

11 0.0 0.7 

view 0.7 0.8 
dv > 0.8 0.9 | 

TPP. | 0.9 I. o | 
15 1.0 I.2 
16 1.1 1.3 


a — 


This table may be uſed as a ſupplement 
to that in page 38, Cc. thus; Suppoſe it 
were required to find the value of a life 
of forty-four, at the rate of 4 5 per cent, 
intereſt; then looking in tab. I. page 39, 

© againſt 44 years, under 4 per cent. you will 
find 11.0, with this enter the firſt colu 


y 


of 


ba, WY 


{ 
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| of the laſt table, and againſt it, in the 
ſecond column, you will have 0.6, which 


ſubtracted from 11.0, leaves 10.4 for the 
value required, | A | 


AMETHOD for inveſtigating the va- 
lues of annuities upon lives, by approxi- 
mation, without the belp of tables. 


Becauſe there may be occaſion ſome- 
times to know the values of lives com- 
puted at different rates of intereſt, from any 
exhibited in the foregoing tables, and as the 
general method for this purpoſe, laid down 
in the former part of this book, is too tedi- 
ous for common practice, I have endeavoured 
to remove that inconveniency by the help of 
ſome eaſy approximations. To effect this, 
I found it neceſſary to conſider the values of 
lives in two. different caſes, one when the 
given age is leſs than 45 years, and the other 
when it is greater. - | 


r 


fo find the value of an aſſigned liſe, whoſe 
ge is not I than 45 years. © 


Multiply the difference between the given 
age and 92 years, by the intereſt of 1 J. 
for one year, add 2.47 to the product, and 

NY "3 divide 


\ 
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divide the ſaid difference by the produ@ f 
increaſed, then the quotient will be the 
anſwer. - - tot 
Note. This rule comes fo near the trath, 
that the error for the general part does not 


amount to = and ſcarce ever. to 75 of 3 
year's purchaſe. d. 


EXAMPLE. . 


| Let the propoſed age be fifty years, and 
intereſt at 10 per cent. then ſubtracting 50 
from 92, we have 42, which multiply'd 
by o. 1, the intereſt of 1 J. will be 4.2, and 
this added to 2.47, gives 6.67; by which 
divide 42, and there will come out 6.; 


for the value required. 


Suppoſe the given age to be ears, 
and Frtereſt at „ per a= Here 5 Af 
rence between the given age and 92 yeats 
will be 37, and the intereſt of 1 J. equi 
to 0.04; with which proceed as in the lal 
example, and the required value will be 
found. 9.36 ;. but if the rate of intereſt hal 
been 4 + per cent. the value then had beet 
only 8.94 the like of any other. 
915 N F I woull 
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I would willingly have given a rule ſimi- 
lar to the foregoing, for the other caſe 
where the given age is leſs than 45, but 
have not been able to find out any thing 
either ſo general or ſo ſimple, as that ap- 
proximation for older lives ; however, if the 
rate of intereſt be not leſs than 3, nor 
greater than 10 per cent. nor the age pro- 
pounded, leſs than 12 years, the value of 
ſuch a life may be always had by the 


following rule, to a degree of exactneſs equal 
to the former. 


r 
To find the value of any aſſigned life, whoſe 


age is neither leſs than 12, nor greater 
than 45 years. xj 


Take the difference between the given 
age and 29 years, alſo between the ſame 
age and 100 years, and let the former of 
thoſe differences be multiply'd by 10 times 
the intereſt of 1/7. for one year, and the 
product added to, or ſubtracted from the 
latter, according as the given age is greater 
or leſs than 29 years, and let the ſum or 
remainder be multiply'd by 40, and the 
product be reſerved : add 100 years to the 
given age, and multiply the ſum by 22 
times the intereſt ' of 1/, for one year; 
add 109 to the product, and divide the 

— reſerved 
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reſerved product by this ſum, and the quo- 
tient will be the value required. 8 


EXAMPLE. 


Let it be propoſed to find the value of. 
a life of twenty, computed at the rate of 
5 per cent. rwis 26. = 
Here the firſt mentioned difference will 
be 9, and the other 80, and therefore the 
former multiply'd by o. 5, or 10 times the 
intereſt of 1/. will be 4.5, which ſub- 
trated from 80, leaves 75.5, and this mul- 
_ tiply'd by 40, will give 3020, for the pro- 
duct to be referved. Moreover the given 
age, increaſed by 100 years, is 120, which 
multiply'd by 1.1, (=22 & .o5) will be 
132; therefore dividing 3020 by 232 
(=100 + 132) we have 13.1 for the num- 
ber of years purchaſe required. | 
It will be needleſs (I preſume) to offer 
any thing further by way of example; 
but, for the reader's ſatisfaction, and to re- 
move any doubt that he may entertain with 
regard to the exactneſs of the above me- 
thods of ſolution, I have thought proper to 
add the ſubſequent table; which ſhews the 
values of lives to every 10th year of age, 
both according to thoſe methods, and alfa 
according to the table of Obſervations. _ . 


* o 
tu Fy LA 
4 . * 
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pe | | | FEY 
| {Value at] Value Value at Value | 
> ct. at er per ct, [at 3 per | 
R 5 3 be the cent. 
rules. | accord. rules. accord. 
. to obſ. | Es to obſ. 
(20]13-OT [13.0 17.25 17.2 
40010. 3110.3 13.1413. 2 
50| 9.19 9.2 | [|[11.20|11.4 | 
bo 7.80| 7.9 9.36 9.2 
70] 6.13] 6.2 6.5 7.02| 6.9 
| | | il 


The two foregoing rules are accommo- 
dated to the ſame obſervations as the preced- 
ing tables, as the beſt, undoubtedly, for the 
city of London, and parts adjacent ; but if 
any one be deſirous of an approximation 
according to the Bre/ſau Obſervations, the 
following rule, in any caſe where the pro- 
poſed age is not leſs than 30 years, nor the 
rate of intereſt leſs than 3, nor greater than 
6 per cent. will give the true anſwer very 
nearly, The rule is this, 


Multiply the difference between the given 
age and 87 years, by 75 of the intereſt of 
11. for one year, and add 1.9 to the pro- 
duct, and divide the ſaid difference made 
leſs by 2, by the product ſo increaſed, and 
then the reſult will be the value required. 
78 9 HFaving 


by 


— — — — — , ⏑ ‚⏑—·r — 
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A by the intereſt of J. for one year, and 


. 0.76, the former of which divided by the 
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Having now ſhewn how to approximate 
the values of fingle lives, it remains next to 
lay down ſomethin gin relation to annuitie; 
upon two or three lives. 


RULE III. 


To find the value of two lives A and B. 
Multiply the value of the youngeſt life 


ſubtra& the product, and alſo half the pro- 
duct, each from unity, dividing the laſt re- 
mainder by the former ; multiply the value 
of the life A by the quotient thus ariſing, 


and divide = of the ſquare of the value of 


the oldeſt life B, by this product, then the 
quotient, added to the value of the life 
A, will give the required value of the 
longeſt of the two lives. EM 


EXAMBLE. 


Suppoſe the value of the youngeſt life A 
equal to 12 years purchaſe, and that of the 
oldeſt B, equal to 10 years purchaſe, reckon- 
ing intereſt of money at 4 per cent. then 
the value of the life A multiply d by 0.04 
the intereſt of 1 J. for one year, will be 
o. 48, and half thereof equal to 0.24 ; theſe 
ſeverally taken from unity, leave 0.52 and 


latter, 
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latter, gives 1.46, and this multiply'd = 
value of the life A, will be 17.523 


fore by dividing - 75 of the e of * 


value of the life B, by 17.52, we have 


2.3, which added to 12, giyes 14-3 for the 
yalue required. 


RULE IV. 


Tt find the value of the three lives A, B, C. 


Firſt, find the exceſs of the value of the 
two youngeſt lives A, B, above that of 
the youngeſt life A, by Rule III. then 
divide the value of the oldeſt life C, 
by the value of the life B, and cube the 
quotient, and multiply that cube by half 
the ſaid exceſs ; then the product added to 


the value of the two lives A and B, will be 
the value required, - 


EXAMPLE. 


Let the value of the life A be ſuppoſed 
equal to 12 years purchaſe, that of B equal 
to 10 years purchaſe, and that of C _ 
to 8 years purchaſe, and intereft at 4 | 
cent. then the exceſs of the value of * 
two lives A, B, above that of the youngeſt 


life A will be 2.3 (by Rule 1H.) moreover, 


the value he the life C bving NY 
a t : 


1 / 
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that of B, we have o. 8, the cube whereof 
is 0.512, which multiply'd by 1.15, half 
the aboveſaid exceſs, gives o. 588, or 9.6 
nearly, and this added to 14.3, the' value 
of the two lives A, B, gives 14.9, for the 
value of all the three lives. 

Note. The two laſt rules will ſerve in- 
differently, either according to the London, or 


according to the Bre//au Obſervations, ay 
error, in Aae caſe, ſeldom exceeding — —_ 


of a year's purchaſe, as I have found 1 
many repeated trials. 


1 ſhall conclude this little tract with the 

| Sqlution of the following Problem, which 

tho it relates not immediately to the ſubject 

of annuities, depends nevertheleſs upon the 
fame principles. 


PROBLEM RXXI. 


To determine from a table of Obſervations, 
and the bills of mortality of any place, the 
number of Jus contained i in that you. 


SOLUTION, - 


Let AO repreſent the utmoſt extent of 
life continued from the time of birth at A, 
to the extremity of old age at O, and let 
BDPO bea curve, whoſe ordinates C D, 
QP, Sc. are, every where, to one another, 

2 : ag 
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s the number of perſons (found in the ta- 
le) that arrive to the correſponding ages' 
\C, AQ, Cc. let 46 be taken very near, 
nd parallel to AB, and gp at the ſame 
liſtance from QP, and let the rectangle BS 
epreſent the number of perſons which die 
n the propoſed place, in any given interval 
f time A8, as found from the bills of mor- 
ality ; then will the number of perſons that 


— 


2 


1 F G 0 


ome into, or go out of, being in the inter- 
al A a, be repreſented by the rectangle Ba; 
nd conſequently the number of all the liv- 
g, whoſe ages are comprized in this in- 
erval, by the area B Aan B, or the ſame 
Ctangle Ba very near: Wherefore, ſince 
he number of individuals, whoſe ages now 
ke up Ag, will in the time AQ be 
educed in the ratio of AB to PQ, ſo as 
o be expounded by the area PQ 9 p P, the 
lumber of all the living at the end of that 


time, 
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time, whoſe ages are then included between 
Qand q, will be repreſented by the art 

PQ 9pP; ſince it is evident that the 
of all who come into being, before or 
thoſe. now included between A and a, will 
then be either greater than A g, or leſs tha 
AQ. Therefore as the number of the li. 

ing, at all equal ages, is ſuppoſed to con- 
tinue conſtantly the ſame, and as the abo 
reaſoning holds every where throughout the 
whole extent of life A O, it is manifef 
that the number of all the living, at an 
one time, will be expounded by the whole 
curvilineal area AOPBA, and therefore 
will be to the number of perſons dying, in 
the propoſed interval of time AS, as that 
area to the rectangle BS. Q. E. J. 


COROLLARY. 


Hence if the whole term of life A O bt 
divided into ſeveral ſmall intervals A a, 40 
bc, Cc. fo that each interval may repte 
ſent one whole year, and ordinates AB 
4 1, b 2, &c. be defcribed at the points d 
divifion, and the firſt A B be taken 2289 
then will a1, 62, 03. c. accotding 0 
the foregoing table of Obſervations, tabs 
from the bills of mortality of the city d 
Londen, be 870, 700, 635, 660, Er- * 
ſpectively; from whence the area 4504 
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X. 


will come out 25500 very near, which 
area is, therefore, to the rectangle B a, as 
25500 to 1280, or as 20 to 1 nearly; 
whence it appears that the number of the 
living, at any one time, born within the 
bills of mortality of this city, is to the 
number of births happening yearly within 
the ſame bills (taken at a medium) as 
20 to 1, very near; but ſince the number 
of burials happening yearly, always exceeds 
the number of births, by reaſon (as has 
been before obſerved) of the continual 


— Mt 


— 
SD 
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afflux of people from all parts to town, 
the proportion of that number to the whole 


body of the inhabitants, will be conſide- 


2 

rably different from the proportion above 
given; yet may be nearly eſtimated by 
comparing together the number of burials 
and chriſtenings, &c. | a 
And (from a method too tedious to be 
inſerted here) I make it as 1 to 26 very 
near. I know indeed that a certain author, 
oonſiderable in theſe kind, of diſquiſitions, 
1 gives 


_ 


| Fe 
128: | Of the Vatuarion of 
gives the proportion very different from that 
above, viz. as 1 to 35 ; but this, I appre- 
hend could only be owing to a want of 
obſervations; becauſe, if we ſuppoſe a 
many perſons to live, at any one time, 2 
die in 35 years, then it will follow, that 
the expectation or ſhare of life due to each 
infant, at its coming into the world, taken 
at a medium, is 35 years; but it evidently 
ap from the foregoing table, and other 
undoubted obſervations, that there is ſcarce 
any part of life wherein the expectation is 
ſo. great as 35 years, much leſs in the very 
beginning of it, attended by ſo. many ca- 
ſualties and dangers. 's 


APPENDIX, 
CONTAINING 


Some Remarks en Mr. DeMorver's 
Book on the ſame Subjeft, with ANSWERS 
fo ſome PERSONAL and MALIGNANT |, 
MISREPRESENT ATIONS, 27 the PREFACE | 
thereof. B05; 8 | 

T is not without ſome concern, that 1 q 

think myſelf obliged to take notice of the 
treatment of an author, of whoſe judg- 
ment and candour I had conceived a very 
high opinion; and whoſe name and writings 
] have always mentioned with reſpect. It is 
not my deſign to expatiate on the unſeemli- 
neſs of this gentleman's uſage, nor to gratify 
a paſſion, which infinuations ſo groſs muſt 
naturally excite in a mind that looks with 
contempt on fuch unfair proceedings ; but 
only to offer a few particulars to the conſi- | 
deration of the public, with no other view > 
than to clear myſelf from a charge ſo highly 
injurious, and do juſtice to the foregoing 
work. In order to which it will be requi- 
lite to take a ſhort view of what both of us 
have done in the ſubject. 
The Rules whereby the various queſtions 
in annuities, &c. are reſolved, are, not impro- 
perly, reduced under three heads or claſſes; 
in the firſt of ws be included _ 1 

| 298 that 
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that relate to ſingle lives ; in the ſecond, thoſe 
that have regard to ſucceſſive lives and copy- 
holds ; and in the third; ſuch as ſhew Te 
values of joint lives and reverſions. 
As to what comes under the firſt of theſe 
heads, it muſt be granted, that this author 
has ſucceeded extremely well, what he has 
done therein being both curious. and very 
exact, according to the obſervations where- 
on he builds, and the hypotheſis he has taken 
ſo much pains to eſtabliſh : but, tho' his me- 
thod is curious, and his rule exact, does it an 
where appear that I have made free with 
the one or the other? have I followed his 
hypotheſis ? is not my method quite different, 
and founded upon different obſervations ? 
it is true, I have given practical rules for de- 
termining the values of ſingle lives, both ac- 
cording to the London and Breſlaw obſerva- 
tions; but theſe, every one will ſee, haye 
no ſort of dependence on, or connexion with 
his. Nevertheleſs I can venture to. affirm, 
that mine have ſo far the advantage, that 
they are not only more fimple, as requiring 
the uſe of no ſort of tables, but bring out 
the conclufions, for the general part, rather 
more exact than his. As an inſtance hereof, 
let it be propoſed to find the value of a life 
of ten years of age, at an intereſt of 6 per 
Cent. Furſt, according to this gentleman's 
method, let the given age be . ſubtracted 
from 86, and there remains 76 ; then the 
| „ 
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value of an annuity certain for the term of 
76 years muſt be found, which will be 
16.467; this multiply'd by 1.06, the rate 
of intereſt, gives 17.455; which being di- 
vided by 76, we have 0.22967; this ſub- 
tracted from unity, leaves 0.77033 ; which 
divided by . 06 quotes 12.84. for the value 
ſought. But, according to my method, (as 
now improved in p. 5 of the preface) the 
given age being taken from 87, the remain- 
der will be 77: this multiply'd by .048, or 


= of the intereſt of 1/. gives 3.696 ; to which 


adding 1.9 we have 5.596; by which 
divide 75, and the quotient 13.40 will 
be the anſwer: differing from, 13.44. 
the true value given by Dr. Halley, from 
the table of obſervations, by only 0.04. 
But, as a farther confirmation of what 1s a- 
bove advanced, and to ſhew that it is not 
only in one particular caſe, that the con- 
cluſion comes out ſo near, I have, in the 
annexed Table, exhibited the values of an- 


10]13.40|[12.84 13.44 
2012.70 12.30 12.78 
30 11.6111.61 11.722 
4010. 57 10.70 10. 57 
500 9.20] 9.49 9.21 
60 7.58] 7.83] 7.60 
179| 5-32] 5. 50 532 
1892.14 2.18 
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nuities for every tenth year: Where it is to 
be obſerved, that the ſecond and third co- 
lumns expreſs. the values that reſult from 
mine, and that gentleman's rules, and the 
fourth, the true yalue, as given by Dr. 
Halley, It is alſo to be obſerved that the 
values above given, are adapted to the Bre 
law obſeryations, pot becauſe they appear the 
moſt proper foundation to build upon i bit 


place, but that I might compare my con- 


cluſions with his, and thereby ſhew that the 
method I have followed is capable of being 


applied, with equal advantage, to any table 
of obſervations. : - 


Next, as to what falls under the ſecond 


of the forementioned heads, are not his rules 


for ſucceſſive lives, in his former edition, 


(which was the only edition extant, at the 
9s pre of the preceding work) de- 
ivered without any kind of demonſtration ? 
do they not always bring out the concluſions 
too large? do not they differ from thoſe in 


' his new edition ? and are not the rules which 


I have given, general and clearly inveſtigated? 
how then can I have mutilated his propgſi- 
tions? Are not my. demonſtrations more 
ſimple than thoſe in his new edition, and is 
not the principle whereon they are founded 
alſo more ſimple and evident? how then 


can I have obſcured his demonſtrations ? are 


not his rules for renewing of leaſes, or re- 
placing of lives, both in his old and new 
5 edition, 


N 
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| edition; confined to that particular caſe 
where all the lives are equal ? (which can 
ſcarce ever happen in practice.) Do not 
my rules extend to lives of all ages, however 
unequal, and yet are they not more ſimple 
and eaſy in practice than his? how then can 
I have worked by his rules? Laſtly, is not 
all that he has advanced, on this head, from 
p. 29 to p. 33, and, again from p. 101 to 
P. 103, as a matter of difficulty and curi- 
ous ſpeculation, a particular caſe only of 
what I had before given in the ſolution of 
my third problem? I have repreſented a- 
bove, that the principle whereon my de- 
monſtrations are grounded, (explained in p. 
76 and 89) is more clear and ſimple than 
his: it may not be improper here to give an 
inſtance of it. Let there be ſuppoſed an 
annuity, depending upon any number of 
lives, A, B. C., D, Se. ſo as to continue 
till the failing of one, two, three, or any 
other number, of thoſe lives; and let it be 
further ſuppoſed that upon the failing of 
theſe lives, Q, or his heirs, are to receive 
any given ſum, annuity or reverſion, whoſe 
value is denoted by s: then in order to de- 
termine the preſent value of Q's expeQation, 
let the value of the annuity, under the fore- 
mentioned contingency, (which is given by 
my third problem) be repreſented by p, and 
let the perpetuity be denoted by e. Now 
ſince the value of the reverſion for ever, after 
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the failing of the 123 number of 


lives, to be received as ſoon as thoſe lives 
are extinct, is the perpetuity, it will be 
to the value 5, to be received at the ſame 
time, as e to 5; therefore the preſent value 
of the reverſion, muſt be to the preſent va- 
lue of the ſum 5s, in the ſame ratio of e to; 
but the preſent value of the reverſion is given 
equal to e-; wherefore it will be, as 


— , the true value of Q's 
expectation. But if aſter the deceaſe of the 
propoſed number of lives, others were to be 
nominated, to fill up their place; and after 
the deceaſe of theſe, others, and ſo on 
for ever, and Q and his heirs were to re- 
ceive the like ſum at each replacement: 
Then let the value of the lives, in the leaſe, 
under the forementioned limitations, as they 
ſtand after the ſecond, third, fourth, &c. 
replacements, be denoted by g, , s, t, &c. 
reſpectively; and from the very ſame way 
of reaſoning, it is evident, that the value of the 
ſum to be received at the ſecond replacement 
will be to the value of the ſame ſum, to be 
received at the time of the firſt replacement, 
as e to e—q; therefore the value that might 
be received, as an equivalent, at the time of 


| e: 833 —9: 


the firſt replacement is —— But by what 


is already ſhewn it will be, as e e-. ſo is this 
ay 85 la 
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laſt value — — to — * — *, to its 
equivalent in preſent money. After the 


ſame manner, the preſent value of the ſum 
to be received at the third replacement, will 


be found _ X — * — *; whence- 


the law of continuation. is manifeſt, Now 
let any one compare this with what our au- 
thor has delivered upon this head from p. 97 
to p. 103, and then judge whether what 1 
have advanced be not juſt, and whether all 
that he has done, either with regard to copy- 
holds, renewing of leaſes, or perpetual ad- 
vowſons, be not included in what is above 
laid down, beſides the ſolutions to his four- 
teenth and twenty-fixth problems. But if 
we deſcend to that particular caſe, where all 
the values p, q, 7, &c. are equal, (which is 
the only caſe that he has conſidered) then 
the preſent value of the ſum to be received at 
the ſecond replacement will be expreſſed by 


—— 2 


—? x 5; that, at the third, by D 


&, Whence it is manifeſt that the preſent 
value of all the ſums which Q and his heirs 
may receive for ever, will be truly defined 
by the following geometrical progreſſion, 


DIO: 1 
—. . + + ==, &c. or its equal 
=D It would be needleſs to inſiſt further 
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on this matter here, as I have conſidered it 
at large in the book, where it is illuſtrated 


by proper examples. I ſhall therefore now 


proceed to the third head, relating to the 


values of joint lives and reverſions. 


Here our author ſets out with a new by- * 
potheſis, which is directly contrary to experi- 


ence; in conſequence whereof his conclu- 


ſions are rendered uncertain, and liable ta 
Jam ſenſible that 


very conſiderable errors. 


no ſmall pains have been taken, both in his 
old and new edition, to bring the world into 


a belief, that the concluſions, thence deri- 


ved, would be always very near the truth ; 
nay, in confirmation thereof, we have an 


example given, where the error is inoon: 


ſiderable. 


Bur all this will not ſhew his rules to be 


what he would n them; much leſs 
that 1 could mean 


them. No, I muſt beg leave to aſſure the 


author I had not that high opinion of them: 
I faw how far they could be rely'd on. 
It may not be improper, however, to give here 
Firſt, let 


a few inſtances of their i inaccuracy. 
it be required to find the value of three equal 


Joint lives, at an intereſt of 4 per cent. each 
life ſingly taken being worth fourteen years 
reg then, according to his rule the an» 


er will come out 7.3 ; which, granting his 
firſt e tobe true (as it ĩs very nearly) is 


y counterfeit and diſguiſe 


leſs 
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leſs than the truth, by 1.2, or 1 than a 
hole year's purchaſe. Again, ſuppoſing it 
wen r uired to find the * ES 
ity for the longeſt of thoſe three equal lives; 

then, by his rule, the reſult will' be 20.4, 
exceeding the true value 18.7, (according to 
his firſt hypotheſis) by almoſt two years pur- 
chaſe. This difference when the value is 
large, may not ſeem ſo conſiderable, but in 
reverſions, and the putting in of new lives, 
the error is the ſame, and in many caſes 
amounts to more than + of the whole value: 
Thus, if A holds an annuity upon a fingle 
life, worth fourteen years purchaſe, and 
would put in two other lives, of the ſame 
age, to hold it as long as any one of the 
three is in being; then the fam that he 
ought, in juſtice, to pay for this conſideration 
will be 4.7; whereas, according to our au- 
thor's rules, the anſwer will come out no 
lefs than 6.4. In like manner, if the values 
of the lives were unequal, ſuppoſe that of B. 
9, and that of C 10 years purchaſe; then 
the value of the reverfion of the life B, after 
the life C, will come out 2.73 ; which is 
too great by. of the whole value. 

- 'Tis true there are other rules, in his new 
edition, from which the values of joint lives 
and reverſions are determined, and which 
he aſſures his reader were originally derived 
from the former, and that, whether one, or 
te other (method) is uſed, the concluſions will 

rer 
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very little differ ; only, that ' the firſt is bet. 


ter adapted to annuities paid in money, and 
the other to ſuch as are « neon by a grant of 
lands. As to what is advanced concerning 
the nearneſs of the concluſions, it is indeed 
very juſt; the difference ſcarce ever exceeding 
rs of a year's purchaſe ; but muſt it not ſeem 
a little ſtrange that he ſhould here make ſuch 
an extraordinary he. of exactneſs, and appear 
fo ſolicitous about a ſmall difference of + or 
+ of a year's purchaſe, when at the ſame 
time, both his methods differ from the truth 
by. more than five times as much ? 

The errors hitherto taken notice of, are 
only ſuch as naturally ariſe from his building 
upon an ill-grounded hypotheſis ; but who 
would not wonder if this gentleman, who 
every where diſcovers an air of ſelf-ſufficiency, 
who will allow of no merit but his own, and 
who treats with ſuch ſuperlative contempt 
thoſe that have dared to write upon the ſame - 
ſubjeA after him; I ſay, who would not 
wonder, if, this gentleman has condeſcended 
to give the world rules which are abſurd, and 
propoſitions that are abſolutely falſe, even, 
according to his own pringiples ? © 

The firſt, I ſhall A notice of, which | 
apprehend to be of this number, is in page 
52 of his former edition: The queſtion is 
to find the value of the reverſion of one life, 
after two joint lives; and his rule is as fol- 


laws. From the value of the life in expec- 


tation, 
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tation, ſubtract the value of the two joint liver 
in poſſeſſion, ; there remains the value of the- 
reverſion. Now the reader will eaſily ſee, 
that this rule cannot be true; becauſe the 
value of the two joint lives in poſſeſſion, if 
they be young lives, may exceed the value 
ſof the life in expectation, by ſeveral years 
purchaſe, in which caſe the value of the re- 
verſion will come out a great deal leſs than 
nothing, which is manifeſtly abſurd. The 
true method of ſolving this problem, I have 
given and demonſtrated without a crowd r 
uſeleſs ſymbols ) in my fifth problem, of which 
it is only a particular caſe. 6s 
The rule in p. 55, of the ſame edition, I alſo 
reckon to be in the number of the falle ones; 
but as this is corrected in the new edition, I 
ſhall take no further notice of it here, but on- 
ly obſerve that as it now ſtands, it is the very 
lame with what I had given and demonſtra- 
ted at large, in p. 74. | 
The rules given (without demonſtration) 
for ſucceſſive lives, in his firſt edition, tho 
not ſo erroneous as the preceding, are not 
true, nor the ſame with thoſe in his new 
edition; which laſt are right, and bring out 
the very ſame concluſions, as thoſe, which 
I have demonſtrated in p. 89, go, 91, tho' 
expreſs'd in a different manner. 
© Beſides theſe errors, in his former edi- 
tion, there are others in the new, as con- 
ſiderable. His twenty-third problem will 
En 2 afford 


| 
ö 


— . 
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afford us one inſtance of it. The terms in 
which he propoſes that problem are theſe; 
A who 1s thirty years ꝙ age, buys an ati 
ity for à limited time of his life, ſuppoſe ten 
years, on conditton that if he dies before the 
expiration of that time, the purchaſe-money it 
ally to be loft to his heirs ; to find the pre- 
ſent value of the purchaſe, ſuppoſing intereſt at 
5 per cent. | | | 
Now the true, and moſt eaſy way of re- 
ſolving this: problem, (ſuppoſing the values 
of ſingle lives to be given, from the tables) 
J take to be as follows, 8 
1* Since A can enjoy the annuity, no 
longer than ten years, it is evident that the 
preſent value of what he may happen to re- 
ceive, from time to time, during that term 
will be equal to the preſent value of a life of 
thirty, decreaſed by the preſent value of all 
the rents or ſums he would have a chance of {MW 
receiving after the age of forty, was the an-! 
nuity granted for the whole term of life, 
2* Now the preſent value of all the 
rents that A would have a chance of te- 
ceiving after the age of forty, if there was 
a certainty of his living to that age, would 
be the value of a life of forty, diſcounted 
for ten years, at the rate of 5 per cent. 
3* But fince there is a probability that 
he never attains to the age of (forty, it 3 
manifeſt that the value fo diſcounted, ought 
to be further diminiſhed agcording to the 
| megaſute 


| 
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eaſure of that probability; and then, this 
ft ſum being ſubtracted from the preſent 
aue of a life of thirty, the remainder 
vill be the value required: Or, univerſally 
et the number of years on which the annu- 
ty is granted be Sn, the probability of A's. 
wing to the end of thoſe years p, the pre- 
ſent value of 11. to be received x years hence 
=#m, the value of the life A=M, and the 
value of a life 1 years older=P ; then will 
mp expreſs the true value of the pur- 
chaſe. Now in the caſe above, n being 
Slo, the values of n, p, M and P, will ac- 
cording to this author's own tables, be equal 
to 8115 0.60139, 12.99 and 11.83 reſpectively, 
and therefore 6.904. the true value of the pur- 
chaſe ; but by his rule, the value comes out 
only 5.73, being leſs than the truth, by 
1.174, But the error here is but ſmall, 
when compared with what it is in ſome 
other caſes : for if it were required to find 
the value of an annuity, for the firſt ten 
years of a life of one year old; then by his, 
rule the anſwer would come out only. 2.013, 
Ibereas the true value is no leſs than 5.953, 

which is almoſt three times. as great, as he 
makes it. e | Fi 
His folution to his twenty-fifth pro- 
blem, ſeems to be of the ſame kind, with 
hat above mentioned; the problem is this. 
A bas an annuity. of 100l. to continue thirty» 
9 | one 


| 
| 


the annuity after his deceaſe, (if he ſhould 


in our author's table, to fourteen years pur- 


one years; A whoſe life is worth fourten Je 
years purchaſe, ſuppoſing intereſi at 4 pet tak 
cent. i to enjoy an annuity of loo l. during Ml © 
the term of thirty-one years; B has the re. +3 
vegan of it after the deceaſe of A, for th © 
term remaining; to find the value of B's ex- 
pectation. This queſtion indeed ſeems x 
little oddly, as well as obſcurely expreſſed, but W 
I think it can bear no other meaning than 
this, that A, who has the right of an an- 
nuity for the term of thirty-one years certain, 
impowers B and his heirs to receive or, hold 


happen to die before the end of thirty-one 
years) until the remainder of the term is ex- 
pired. This being ſuppoſed, the method of 
folution may be as follows : firſt, let the 
value of the propoſed annuity, for the li- 
mited term of thinty-ona years, upon the 
contingency of A's not living\ to the end of 
that term, be found ; the manner of doing 
which is already explained ; then let the va- 
lue ſo found, be ſubtracted from the value 
of an annuity certain for thirty-one years, 
and the remainder, it is 'manifeſt, will be 
the true value of B's expectation: Thus, if 
the age of A be thirty-five years, (anſwering 


chaſe) and the annuity be 100 J. (as above 
propoſed) then the preſent value of all the 
ſums, that A may happen to receive from 
time to time, during the term of thirty-0ne 


years 
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years, will be found to be 1319 J. which 


taken from 1758 /. the value of an annuity 
certain for thirty-one years, there remains 
439 J. for the true value of B's expectation ; 
which this author makes 773 J. exceeding 
the truth by no leſs than 334 J. or nearly half 
the whole value. As the numbers, from 
whence theſe concluſions are derived, are 
taken from this gentleman's own tables, it 
cannot be ſuppoſed that I have been guilty of 
any injuſtice in that reſpect, but that the 
rules themſelves are actually falſe according 
to his own principles. Indeed it might be 
wiſhed that he had given his demonſtrations 
along with the rules, and then it would have 
been poſſible to point out wherein he was 
miſtaken ; but as he has not done it, it may 
ſuffice to have ſhewn that the rules cannot be 
true, by the 'conſequences they lead to. 
Theſe are ſome of the errors in this au- 
thor's book, which I have taken notice of, 
to ſhew the world, that notwithſtanding 
he had done ſome things on the ſubject very 
curious, there was ſtill room left for improve- 
ments: Had not I thought ſo, I can aſſure 
my reader, I ſhould not have undertaken 
the foregoing work, (however mean an opi- 
nion, this author may perſuade the world to 
entertain of it) nay, if he had not thought 
lo himfelf, how comes it to paſs that in his 
new plainer and more correct edition, almoſt 
every 8 is done in a quite different 2. 
6 | 2 8 ner 


— 


ner? This, then, being the cafe, why ſhould 
this author moleſt himſelf, about my right of 
offering to public conſideration what |] 
humbly conceived to be real improvements 
on the ſubject, unleſs he thought no one 
capable of it but himſelf? In ſhort had 1 
been really guilty of. mutilating his propoſi- 
tions, as he would inſinuate, he muſt allow, 
at leaſt, that I had ſo much REGARD, (in 
his ſenſe of the word) as to diſtinguiſh be- 
tween the good and the bad. I have no 
propoſitions that are falſe. | ö 
Lazſtly, I appeal to all mankind, whether 
in his treatment of me, he has not diſcovered 
an air of ſelf- ſufficiency, ill- nature, and inve- 
teracy, unbecoming a gentleman. 


! 
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